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The examples are numerous and for the most part easy. They 
haVe been very carefully arranged, and are distributed throughout 
the text in immediate connection with the propositions on which 
they depend. A special feature is the large number of examples 
involving graphical or numerical work. The answers to these 
have been printed on perforated pages, so that they may easily be 
removed if it is found that access to numerical results is a soui*^^ 
of temptation in examples involving measurement. 

We are indebted to several friends for advice and suggestions. 
In particular we wish to express our thanks to Mr. H. C. Playiie 
and Mr. H. C. Beaven of Clifton College for the valuable assist- 
ance they have rendered in reading the proof sheets and checking 
the answers to some of the numerical exercises. 

H. S. HALL. 

F. H. STEVENa 

November^ 1903, 


PEEFATORY NOTE TO THE SECOND EDITION. 

In the present edition some further steps have been taken towards 
the curtailinent of bookwork by reducing certain less important 
propositions (e.g, Euclid I, 22, 43, 44) to the rank of exercises. 
Boom has thus been found for more numerical and graphical 
exercises, and e^^perimental w#rk such as that leading to the 
Theorem of Pythagoras. 

‘ Theorem 22 (page 62), in the shape recommended in the Cam- 
bridge Schedule, replaces the equivalent proposition given as 
Additional Theorem A (page 60) in previous editions. 

In the case of a few problems (e.g. Problems 23, 28, 29) it has 
l:>een thought more instructive to justify the construction by a pre- 
liminary analysis than by the usual formal pibof. 

H. S. HALL. 

F. H. STEVENS, 

March, 1904. 
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Theorem 12. 

Of dll straight lines dmvm from a given paint to a given straight 
line the perpendimla/r is the least. 



Let 00 be tbe perpendicular, and OP ang oblique, drawn from 
he given point O to the given straight line AB. 

It is required to prove that OC is less than OP. 

Proof. In the a OOP, since the l OOP is a right angle, 

.*. the Z-OPC is less than a right angle ; The&r. 8. Cor. 
hat is, the l OPC is less than the l OOP. 

00 is less than OP. Theor. 10, 

Q.E.I). 


Corollary 1. Hence conversely, since there can be only 
ne perpendicular and one shortest line from O to AB, 

If OC is the shortest straight line from p to AB, then 00 is 
vrpendicular to AB. * 

CJOROLLARY 2. Two obUques OP, OQ, which cut AB at equal 
'stances from 0 the foot of the perpendicular^ are equal. 

The A* OOP, OOQ may be shewn to be congruent by Theorem 4 ; 
hence OP = OQ. 

Corollary 3. Of two obliques OQ, OR, if OK cuts at the 
ealer dista/nce from 0 ihe foot of the perpendicular, then OR is 
tater them OQ. 

The AOQO is acute, the AOQR is obtuse ; 

.*. the Z.OQR is greater than the AORQ; 

.*. OR is greater than OQ. 
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EXERCISES ON INEQUALITIES IN A TRIANGLE. 

1, The hypotenme is the greatest side of a right-angled triangle. 

2. The grecUest side of any triarujle makes acute angles mth each oj 
he other sides. 

% I 3. If frorn the ends of a side of a triangle, two straight lines are i 
draum to a point within the triangle, then these straight lines a/re together I 
less than the other two sides of the tnangle. j 

4. BC, the base of an isosceles triangle ABC, is produced to any 
point D ; shew that AD is greater than either of the equal sides. 

5. If in a quadrilateral the greatest and least sides are opposite 
to one another, then each of the angles adjacent to the least side is 
greater than its opposite angle. 

6. In a triangle ABC, if AC is not greater than AB, shew that 
any straight line drawn through the vertex A and terminated by the 
base BC, is less than AB. 

7. ABC is a triangle, in which OB, OC bisect the angles ABC, 
ACB respectively : shew that, if AB is greater than AC, then OB is 
greater than OC. 

8. The difference of any two sides of a triangle is less than the 
third side. 

9. The sum of the distances of any point from the three angular 
points of a triangle is greater than half its perimeter. 

10. The perimeter of a quadrilateral is greater than the sum of 
its diagonals. 

11. ABC is a triangle, and tH vertical angle BAC is bisected by 
a line which meets BC in X ; shew that BA is greater than BX, and 
CA greater than CX. Hence obtain a proof of Theorem 11. 

I 

12. The sum of the distances of any point within a triangle from I 

its angular points is less than the perimeter of the triangle. I 

13. The sum of the diagonals of a quadrilateral is less than the 
sum of the four straight lines drawn from the angular points to any 
given point. Prove this, and point out the exceptional case. 

^'^y two sides are together greater than twice the 
median xohich bisects the remaining side. 

[Produce the median, and complete the construction after the 
manner of Theorem 8.] 

15. In any triangle the sum of the medians is less than the perimeter. 
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PAEALLELS. 


Definition. Parallel straight lines are such as, being in 
the same plane, do not meet however far they are produce!! 
beyond both ends. 

Note. Parallel lines must be in the same plane. For instance, two 
straight lines, one of which is drawn on a table and the other on the 
floor would never meet if produced ; but they ace not for that reason 
necessarily parallel. 

Axiom. Vico intersecting straight lines cannot both he 'parallel 
to a third straight line. 

In other words : 

Through a given point there can he only one straight line parallel 
to a given straight line. 

This assumption is known as Playfair^ s Axiom, 

Definition. When two straight lines AB, CD are met by 
a third straight line EF, eight angles are formed, to which for 
the sake of distinction particular names are given. 

Thus in the adjoining figure, 

1, 2, 7, 8 are called exterior angles, 

3, 4, 5, 6 are called interior angles, 

K and 6 are said to be alternatg angles ; 
so also the angles 3 and 5 are alternate 

to one another. 

Of the angles 2 and 6, 2 is referred 
to as the exterior angle, and 6 as the 
interior opposite angle on the same side 
of EF. Such angles are also known as corresponding angles. 
Similarly 7 and 3, 8 and 4, 1 and 6 are pairs of corresponding 
angles. 
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Theorem 13. [Euclid L 27 and 28.] 



or (ii) an exterior angle equal to the interior opposite angle m th 
( same side of the cutting line^ 

or (iii) *fhe interior angles on the same side equal to two right 
angles ; 



(i) Let the straight line EGHF cut the two straight lines 
AB, CD at Q and H so as to make the alternate z.*AGH, QHD 
equal to one another. 

It is required to prove that AB and CD are parallel 

Proof. If AB and CD are fiot parallel, they will meet, if 
produced, either towards B and D, or towards A and C. 

If possible, let AB and CD, when produced, meet towards B 
and D, at the point K. 

Then KGH is a triangle, of which one side KG is produced to A ; 
the exterior Z-AGH is ^eater than the interior opposite 
Z.GHK; but, by hypothesis, it is not greater. 

' AB and CD cannot meet when produced towards B and D. 
Similarly it may be shewn that they cannot meet towards 
A and C : 

AB and CD are parallel. ^ 
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(ii) Let the exterior l EGB = the interior opposite l GHD. 
It is required to prm that AB and CD are parallel. 


Proof. • Because the l EGB = the l GH D, 

and the l EGB = the vertically opposite z. AGH ; 
thez.AGH = thez.GHD: 


and these are alternate angles ; 
*. AB and CD are parallel. 


(iii) Let the two interior iJ BGH, GHD be together equal to 
cwo right angles. 

I It is required to prove that AB and CD are parallel. 

Proof. Because the l'BGH, GHD together = two right 
angles ; 

^ and because the adjacent z.*BGH, AGH together = two right 
' angles ; 

the BGH, AGH together = the l' BGH, GHD. 

From these equals take the l BGH ; 
then the remaining z. AGH = the remaining z. GHD ; 

and these are alternate angles \ 

AB and CD are parallel. 

Q.E.D. 

Definition. A straight line drawn across a set of given . 
lines is called a transversal. 

For instance, in the above diagram the line EGHF, which crosses the 
given lines AB, CD is a transversal 
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Theorem 14. [Euclid I. 29.] 

If a str aight line outs two^ parallel lineSy it m akes 
th .oMerii^ angles., equal, to^orie anqtj^r ; 

(ii) the exterior angle equal to the interior opposite angle on the 
same side of the cutting line ; 

^ (iii) the two interior angles on the same side together equal to two 
right angles. 



C H D 


F 

Let the straight lines AB, CD be parallel, and let the 
straight line EGHF cut them. 

It is required to prove that 

(i) the I. AGH = the alternate L QH D ; 

(ii) the exterior l EGB = the interior opposite z. GHD ; 

(iii) the two mterior l‘ BGH, QHD together =two right angles. 

Proof, (i) If the ^AGH is not equal to the Z.GHD, 
suppose the /LPGH equal to the‘z.GHD, and alternate to it; 

then PG and CD are parallel. • Thear. 13. 

But, by hypothesis, AB and CD are parallel ; 
the two intersecting straight lines AG, PG are both parallel 
to CD : which is impossible. Playfair^s Axiom. 

.•. the z. AGH is not unequal to the L GHD ; 
that is, the alternate z.’AGH, GHD are equal. 

(ii) Again, because the z. EGB = the vertically opposite 

4|AQH y 

and the z. AGH = the alternate zi GHD ; Proved. 

the exterior z. EGB = the mterior opposite L GHD. 
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(iii) Lastly, the L EGB = the z. GHD ; Proved. 

add to each the l BGH ; 

then the z.*EGB, BGH together = the angles BGH, GHD. 

But the adjacent z." EGB, BGH together = two right angles ; 
the two interior z.* BGH, GHD together = two right angles. 

Q.E.D. 


PARALLELS ILLUSTRATED BY ROTATION. 

The direction of a straight line is determined by the angle which 
it makes with some given line of reference. 

Thus the direction of AB, relatively to the given line YX, is given by 
the angle APX. 

Now suppose that AB and CD in 
the adjoining diagram are parallel; 
then we have learned that 
the ext. Z-APX = the int. opp. Z.CQX; 
that is, AB and CD make equal angles 
with the line of reference YX. 

This brings us to the leading idea 
connected with parallels : 

Parallel straight lines have the same 
DIRECTION, hut dij^er in position. 

The same idea may be illustrated 
thus : 

Suppose AB to rotate about P through the Z-APX, so as to take ihe 
position XY. Thence let it rotate about Q the opposite way through 
the equal Z.XQC : it will now take the position CD. Thus AB may be 
brought into the position of CD by two rotations which, being equal 
and opposite, involve no final change of direction. 

Hypothetical CoNSTRUCrifiN. In the above diagram let 
AB be a fixed straight line, Q a fixed point, CD a straight 
line turning about Q, and YQPX any transversal through Q. 
Then as CD rotates, there must be one position in which the 
lCQX = the fixed lAPX. 

Uence through any given point we may assume a line to pass 
parallel to any given straight line. 

Obs. If AB is a straight line, movements from A towards 
B, and from B towards A are said to be in opposite senses 

the line AB. 
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Theorem 15. [Euclid L 30.] 

Straight lines which are parallel to the same straight lim are 
parallel to one another. 



Let the straight lines AB, CD be each parallel to the straight 
line PQ. 

It is required to prove that AB and CD are parallel to me 
another. 

Draw a straight line EF cutting AB, CD, and PQ in the 
points G, H, and K. 

Proof. Then because AB and PQ arc parallel, and EF meets 
them, 

. • . the L AGK = the alternate l GKQ. 

And because CD and PQ are parallel, and EF meets them, 

.*. the exterior z. GHD = the interior opposite l GKQ. 

the Z.AGH = the Z.GHD; 
and these are alternate angles ; 

AB and CD are parallel. 

Q.E.D. 

Note. If PQ lies between AB and CD, the Proposition needs no 
proof; for it is inconceivable that two straight lines,* which do not 
meet an intermediate straight line, should meet one another. 

The truth of this Proposition may be readily deduced from Playfair’s 
Axiom, of which it is the converse. 

For if AB and CD were not parallel, they would meet when produced. 
Then there would be two intersecting straight lines both parallel to a 
third straight line : which is impossiole. 

Therefore AB and CD never meet ; that is, they are parallel. 
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EXERCISES ON PARALLELS. 

1. In the diagi;fim of the previous page, if the angle EQB is 55*’, 
express in degrees each of the angles QhiC, HKQ, QKF. 

2. Straight lines which are perpendicular to the same straight line are 

parallel to one another. • 

3. If a straight line meet two or more parallel straight lines, and is 
perpendicular to one of them, it is also perpendicular to all the others. 

4. Angles of which the arms are parallel, each to each, are either 
equal or supplementary. 


5. Two stf^ight lines AB, CD bisect one another at 0. Shew that 
the straight lines joining AC and BD are parallel. 

6. Any straight line drawn parallel to the base of an isosceles tri’ 
angle makes equal angles with the sides. 

7. If from any point in the bisector of an angle a straight line is 
drawn parallel to either arm of the angle, the triangle thus formed is 
isosceles. 

8. From X, a point in the base BC of an isosceles triangle ABC, a 
straight line is drawn at right angles to the base, cutting AB in Y, and 
CA produced in Z : shew the triangle AYZ is isosceles. 

9. If the straight line which bisects an exterior angle of a triangle 
is parallel to the opposite side, shew that the triangle is isosceles. 

10. The straight lines drawn from any ^int in the bisector of an 
angle parallel to the arms of the«angle, and terminated by them, are 
equal ; and the resulting figure is a rhombus. 

11. AB and CD are two straight lines intersecting at D, and the 
adjacent angles so formed are bisected : if through any point X in DC a 
straight line YXZ is drawn parallel to AB and meeting the bisectors in 
Y and Z, shew that XY is equal to XZ. 

12. Two straight rods PA, QB revolve about pivots at P and Q, PA 
making 12 complete revolutions a minute, and QB making 10. If they 
start parallel and pointing the same way, how long will it be before they 
are again parallel, (i) pointing opposite ways, (ii) pointing the same way ? 
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Theorem 16. [Euclid 1. 32.] 

The three angles of a triangle are together equal to two right 
angles. 


B 



Let ABC be a triangle. 

It IS required to prove that the three iJ ABC, BCA,' CAB together 
= two right angles. 

Produce BC to any point D ; and suppose CE to be the line 
through C parallel to BA. 

Proof. Because BA and CE are parallel and AC meets them, 
. • . the z. ACE = the alternate l CAB. 

Again, because BA and CE arc parallel, and BD meets them, 
th^ exterior l ECD = the interior opposite l ABC. 

/. the whole exterior L^OD^the sum of the two interm opposite 

Z.“CAB, ABC. 

To each of these equals add the l BCA \ 
then the z.“ BCA, ACD together*^ the three z." BCA, CAB, ABC. 

But the adjacent z." BCA, ACD together = two right angles 
.*. the Z-“ BCA, CAB, ABC together = two right angles., 

Q.E.D. 

Ohs, In the course of this proof the following most im- 
portant property has been established. 

If a side of a triangle is produced the exterior angle is equal tc 
the sum of the two inierior opposite angles. 

Namely, the ext. l ACD = the L CAB -I- the l ABC. 
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INFERENCES FROM THEOREM 16. 

1. If^B, and C denote the number of degrees in the angles of 
a triangle^ 

then A + B + C=180“. 

2 . If two triangles have two angles of the one respectively equal 
to two angles of the other ^ then the third angle of the one is equal % 
the third angle of the other. 

?. In any right-angled triangle the two acute angles are comple- 
mentary. 

L If one angle of a triangle is equal to the sum of the other 
two^ the triangle is right-angled. 

5. The sum of the angles of any quadrilateral figure is equal to 
four right angles. 


EXERCISES ON THEOREM 16. 

1. Each angle of an equilateral triangle is two-thirds of a right 
angle, or 60®. 

2. In a right-angled isosceles triangle each of the ^qual angles 
is 45*. 

3. Two angles of a triangle are 36* and 123* respectively : deduce 
the third angle ; and verify your result by measurement. 

4. In a triangle ABC, the Z-B=^lll*, the Z.C=42*; deduce the Z.A, 
and verify by measurement. 

5. One side BC of a triangle ABC is produced to D. If the exterior 
angle ACD is 134*; and the angle BACis 42“ ; find each of the remaining 
interior angles. 

6. In the figure of Theorem 16, if the Z- ACD = 118®, and the 
LB=51*, find the Z.® A and C ; and check your results by measurement. 

7. Prove that the three angles of a triangle are together equal to two 
right angles by supposing a line drawn through the vertex paralld to the 
base, 

8. If two straight lines are perpendicular to two other straight lines, 
each to each, the acute angle between the first pair is equal to the acute 
angle between the second pair. 
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Corollary 1. JU the interior angles of any rectilineal figure^ 
together with four right angles^ are equal to twice as many right 
angles as the figure has sides. 



Let ABODE be a rectilineal figure of n sides. 

' • < 

It is required to prove that all the interm aW(rrfes + 4 rt l* 
= 2W rt. L\ 

Take any point 0 within the figure, and join 0 to each of 
its vertices. 

Then the figure is divided into n triangles. 

And the three z." of each A together = 2 rt. il. ♦ 
Hence all the L* of all the A*' together = 2w rt. z.*. 

But all the z." of all the A* make up all the interior angles 
of the figure together with the angles at 0, which = 4 rt. z.\ 

all tie int. z.* of the figure + 4 rt. z." = 27i rt. z.*. 

Q.E.D. 

Definition. A regular polygon is one which has all itg 
sides equal and all its angles equal. 

Thus if D denotes the number of degrees in each angle oi 
a regular polygon of n sides, the above result may be statec 
thus : 

nD + 360 ’= 7 i.l 80 ’. 


EXAMPLE. 

Find the number of degrees in each angle of 

(i) a regular hexagon (6 sides) ; 

(ii) a regular octagon (8 sides) ; 

(iii) a regular decagon (10 sides). 
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EXERCISES ON THEOREM 16. 

{Numerical aiid Graphical.) 

1. ABC is a triangle in which the* angles at B and C are re- 
spectively double and treble of the angle at A : find the number of 
degrees in each of these angles. 

2. Express in degrees the angles of an isosceles triangle in which 

(i) Each base angle is double of the vertical angle ; 

(ii) Each base angle is four times the vertical angle. 

3. The base of a triangle is produced both ways, and the exterior 
singles are found to be 94® and 126® ; deduce the vertical angle. Con- 
struct such a tjPiangle, and check your result by measurement. 

4. The sum of the angles at the base of a triangle is 162®, and their 
iijfference is 60® ; find all the angles. 

6. The angles at the base of a triangle are 84® and 62® ; deduce 
i) the vertical angle (ii) the angle between the bisectors of the base 
ingltes. Check your results by construction and measurement. 

6. In a triangle ABC, the angles at B and C are 74® and 62® ; if AB 

md AC are produced, deduce the angle between the bisectors of the 
sxterior angles. Check your result graphically. ^ 

7. Three angles of a quadrilateral are respectively 114J®, 60®, and 
f5J® ; find the fourth angle. 

^8. In a quadrilateral ABCD, the angles at B, C, and D are re- 
ipectively equal to 2A, 3A, and 4A ; find iwl the angles. 

9. Four angles of an irregular pentagon (5 sides) are 40®, 78®, 122®, 
nd 135® ; find the fifth angle. 

10. In any regular polygon of n sides, each angle contains ~ ^ 
ight angles. 

(i) Deduce this result from the Enunciation bt Corollary 1. 

(ii) Prove it independently by joining one vertex A to each of the 
there (except the two immediately adjacent to A), thus dividing the 
polygon into n - 2 triangles. 

11. How many sides have the regular polygons each of whose 
ngles is (i) 108®, (ii) 166® ? 

! 12. Shew that the only regular figures which may be fitted together 
io as to form a plane surface are (i) eguUateral triaTigleSf (ii) sgwvrest 
|iii) regular hexagom^ 
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Corollary 2. If the sides of a rectilineal figure^ which has 
no re-entrant angle, are prodnced in order, then all the exterior 
angles so formed are together equal to four right angles. 



1st Proof. Suppose, as before, that the figure has n sides ; 
and consequently n vertices. 

Now at each vertex 

the interior l + the exterior l = 2 rt. ; 
and there are n vertices, 

the sum of the int. + the sum of the ext. C = 2n rt. C. 
But by Corollary 1, 

the sum of the int. + 4 rt. z.* « 2?i rt. 

the sum of the ext. L" = 4 rt. iJ. 


2nd Proof. 


Q.R.D 



Take any point 0, and suppose Oa, Oh, Or. Od, and Oe, are 
lines parallel to the sides marked, A, B, C, D, E (and drawn 
from 0 in the sense in which those sides were produced). 

Then the exterior l between the sides A and B«the LaOh. 

And the other exterior z.“ = the LihOc, cOd, dOe, eOa^ 
respectively. 

.•« the sum of the ext. z.*»the sum of the l' at 0 
»4 rt. L\ 
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EXERCISES. 

I 1. If one side of a regular hexagon is produced, shew that the 
I exterior angle is equal to the interior angle of an equilateral triangle. 

2. Express in degrees the magnitude of each exterior angle of 
(i) a regular octagon, (ii) a regular decagon. 

3. How many sides has a regular polygon if each exterior angle w 
(i)30”, (ii)24°? 

4. If a straight line meets two parallel straight lines, and the two 
interior angles on the same aide are bisected, shew that the bisectors 
meet at right angles. 

5. If the base of any triangle is produced both ways, shew that the 
sum of the twp exterior angles minus the vertical angle is equal to two 
right angles. 

6. In the triangle ABC the base angles at B and C are bisected by 
BO and CO respectively. Shew that the angle BOC=90‘’ + §. 

A 

7. In the triangle ABC, the sides AB, AC are produced, and the 
exterior angles are bisected by BO and CO. Shew that the angle 

BOC=90’-^. 

8. The angle contained by the bisectors of two adjacent angles of 
a quadrilateral is equal to hall the sum of the remaining angles. 

j 9. A is the vertex of an isosceles triangle ABC, and BA is produceil 
1 to D, so that AD is equal to BA ; if DC is drawn, shew that BCD is a 
right angle. 

^ ' 10. The straight line joining the middle point of the hypotenuse 
Ipf a right-angled triangle to the right angle is equal to half the 
hypotenuse. 


EXPERIMENTAL PROOF OF THEOREM 16. [A+B + C= 180®. ] 


In the A ABC, AD is perp. to BC the 
‘eatest side. AD is bisected at right 
a^les by ZY ; and YP, ZQ are perp*. on 


If now the A is folded about the three 
dotted lines, the A "A, B, and C will coin- 
cide with the A* ZDY, ZDQ, YDP ; 

.'. their sum is 180®. 
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^ Theorem 17. [Euclid 1. 26.] 

V7/ two triaTigles have two angles of one egml to two angles of iht^ 
other, each to each, and any side of the first equal to, the corresponding] 
side of the other, the triangles are equal in all respects. ^ 



Let ABC, DEF be two triangles in which 
the z.A = the lO, 
the z. B == the l E, 

also let the side BC = the corresponding side EF. 

It is required to prove that the A" ABC, DEF are equal in all 
respects. 

Proof. The sum of the l* A, B, and C 

= 2rt. z.® TheorA^. 

= the sum of the z.* D, E, and F ^ 
and the z." A and B = the D and E respectively, 
the z.C = th 0 Z.F. 

Apply the A ABC to the A DEF, so that B falls on E, and 
BC along EF. 

Then because BC= EF, 

.*. C must coincide with F. 

And because the z. B = the l E, 

BA must fall along ED. 

And because the z. C = the l F, 

CA must fall along FD. 

the point A, which falls both on ED and on FD, must coin^ 
cide with D, the point in which these lines intersect. 

the A ABC coincides with the A DEF, 
and is therefore equal to it in all respects. 

So that AB = DE, and AC « DF ; | 

and the A ABC » the A DEF in area Q,B.D. | 



CONGRUENT TRIANGLES. 


49 


EXERCISES. 

On the Identical Equality op Tbianoles. 

1. Shew that t|ie perpendiculars drawn from the extremities of the 
pase of an isosceles triangle to the opposite sides are equal. 

2. Any point oh the bisector of an angle is equidistant from the arrjM - 

f the angle, * 

3. Through 0, the middle point of a straight line AB, any straight 
ine is drawn, and per^ndiculars AX and BY are dropped upon it from 
A and B : shew that AX is equal to BY. 

4. If the bisector of the vertical angle of a triangle is at right 
angles to the base, the triangle is isosceles. 

6. If in a triangle the perpendicular from the vertex on the base 
bisects the base, then the triangle is isosceles. 

d. If the bisector of the vertical angle of a triangle also bisects the 
base, the triangle is isosceles. 

[Produce the bisector, and complete the construction after the 
manner of Theorem 8.] 

7/ The middle point of straight line which meets two parallel 
straight lines, and is terminated by them, is equidistant from the 
paraUels. 

8. A straight line drawn between two parallels and terminated by 
them, is bisected ; shew that any other straight line passing through 
the middle point and terminated by the parallels, is also bisected at 
that point. 

9. If through a point equidistant from two parallel straight lines, 
wo straight lines are drawn cutting the parallels, the portions of the 
itter thus intercepted are equal. • 

10. In a quadrilateral, ABCD, if AB=AD, and BC^DC ; shew that 
the diagonal AC bisects each of the angles which it joins ; and that AC 
is perpendicular to BD. 

11. A surveyor loishes to ascertain the breadth of a river which he. 
cannot cross, Standirig cU a point A near the bank, he notes an object B 

{ immediately opposite on the other bank. He lays down a line AC of any 
length at right angles to AB, fixing a mark at O the middle point of AC. 
From C he walks along a line perpendicular to AC until he reaches a point 
D from which O and B are seen in the same direction. He now measures 
CD : prove that the result gives him the width qf the river. 


H.E.O. 


D 
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ON THE IDENTICAL EQUALITY OF TRIANGLES. 

•Three cases of the congruence of triangles have been dealt 
with in Theorems 4, 7, 17, the results of which may be 
summarised as follows : 

Two triangles are equal in all respects when the following 
three parts in each are severally equal : 

1. Two sides, and the included angle. Theorem 4. 

2. The three sides. Theorem 7 

3. Two angles and me side, the side given in one triangle 

CORRESPONDING to that given in the other. Theorem 17. 

Two triangles are not, however, necessarily equal in all 
respects when any three parts of one are equal to the corre- 
sponding parts of the other. 

For example : 

(i) When the three -angles of one are 
equal to the three angles of the other, 
each to each, the adjoining diagram 
shews that the triangles need not be 
equal in all respects. 

(ii) When two sides and me angle in one are equal to two 
sides and one angle of the other, the given angles being opposite 
to equal sides, the diagram below shews Siat the triangles 
need not be equal in all respects. 




For if AB=DE, and AC = DF, and the AABC = the A DEF, it 
will be seen that the shorter of the given sides in the 
triangle DEF may lie in either of the positions DF or DF'. 

Note. From these data it may be shewn that the angles opposite 
to the equal sides AB, DE are either equal (as for instance the A* ACB, 
DF'E) or mpplementary (as the A»ACB, DFE) ; and that in the former 
case the triangles are equal in all respects. This is called the 
ambiguous case in the con^uence of triangles. [See Problem 9, p. 82.] 
angles at B and E are ri^t<angles, the ambiguity dis- 
appears. This exception is proved in the following Theorem. 
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Theorem 18. 


Two right-angled triangles which have thdr hypotenuses equal, 
md one ride of one eqaai to one side of the other, are equal in all 



Let ABC, DEF be two right-angled triangles, in which 
the l' ABC, DEF are right angles, 
the hypotenuse AC = the hypotenuse DF, 
and AB = DE. 

It is required to prove that the A* ABC, DEF are equal in all 
respects. 

Proof. Apply the A ABC to the A DEF, so that AB falls 
on the equal line DE, and C on the side of DE opposite to F. 
Let C' be the point on which C falls. 

Then DEC' represents the A ABC in its new position. 

Since each of the iJ DEF, DEC' is a right angle, 

EF and EC' are in one straight line. 

And in the A C'DF, bqpause DF = DC' (i.e. AC), 

.• . the DFC' = the L DC'F. Theor. 5. 

Hence in the A* DEF, DEC', 

( the L DEF = the L DEC', being right angles ; 
the L DFE = the L DC'E, Proved. 

and the side DE is common 

the A* DEF, DEC' are equal in all respectsj Theor. 17. 
that is, the A* DEF, ABC are equal in all respects. 


Q.E.D. 
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♦Theor™ 19. [Euclid I 24,] 

If two triangles have two sides of the one eqaal to two sides of tfu 
other, each to each, hut the angle included by the two sides cf one 
greater than the angle included by the corresponding sides oj 
the other ; then the base of thud which has the greater angle is 
greater than the base of the other. 

A 


B C 


Let ABC, DEF be two triangles, in which 
BA = ED, 
and AC = DF, 

but the L BAC is greater t^n the l EOF. 

It is required to prove that the base BO is greater than the 
base EF. 

Proof. Apply the A ABC to the A DEF, so that A falls on D, 
and AB along DE. 

Then because AB= DE, B must coincide with E. 

Let DQ, QE represent AC, CB in their new position. 

Then if EG passes through/, EG is greater than EF ; 
that is, BC is greater than EF. 

But if EG does not pass through F, suppose that DK bisects 
the Z.FDG, and meets EG in K. Join FK. 

Then in the A* FDK, GDK, 

[ FD-GD, 

because -! DK is common to both, 

[and the included l FDK = the included L GDK ; 

FK = GK. The<yr. 4 

Now the two sides EK, KF are greater than EF ; 
that is, EK, KG are greater than EF. 

.*. EG (or BC) is greater than EF. ^ Q.B.D. 
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^ two sides of the me equal to two 
f!t ^ of 0^ greaS^ than the 

^ohhe othm; then the angle cmtained by the sides of thai which 
has the greater hm, ts greater than the angle contained bu the 
corre^mdtng Mes of the other. ^ .# 



Let ABC, DEF be two triangles in which 
BA = ED, 
and AC=DF, 

but the base BC is greater than the base EF. 

It is required to prove that the l BAC is greater than the l EOF. 


Proof. If the ^ BAC is not greater than the l EOF 
it must be either equal to, or less than the l EOF. 

, Now if the l BAC were equal to the l EOF, 
then the base BC would be equal to the base EF ; Them. 4. 
but, by hypothesis, it is not. 

* 1 . if the L BAC were less than the l EOF 

then the baae BC would be less than the base EF ; Them. 19. 
but, by hypothesis, it is not. 

That is, the l BAC is neither equal to, nor less than the l EOF • 
the z. BAC is greater than the l EOF. ’ 


^ TheorefM una/rk^d toith an asterisk may 
wscrttkn of th/s Uach^, 


Q.B.D. 

or postponed at ths 
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GEOMETRY. 


REVISION LESSON ON TRIANGLES. 


1. State the properties of a triangle relating to 

(i) the sum of its interior angles ; 

(ii) the sum of its exterior angles. 

^What property corresponds to (i) in a polygon of n sides? With 
what other figures does a triangle share the property (ii) ? 

2. Classify triangles with regard to their angles. Enunciate any 
Theorem or Corollary assumed in the classification. 

3. Enunciate two Theorems in which from data relating to the sides 
a conclusion is drawn relating to the angles. 

In the triangle ABC, if a= 3*6 cm., 6=2 8 cm., c=3-6 cm., arrange 
the angles in order of their sizes (before measurement) ; and prove that 
the triangle is acute-angled. 

4. Enunciate two Theorems in which from data relating to the 
angles a conclusion is drawn relating to the sides. 

In the triangle ABC, if 

(i) A =48“ and B=51®, find the third angle, and name the greatest 
side. 

(ii) A=B=62J“, find the third angle, and arrange the sides in order 
of their lengths. 


5. From which of the conditions given below may we conclude that 
the triangles ABC, A'B'C' are identically equal? Point out where 
ambiguity arises ; and draw the triangle ABC in each case. 


(i) 

(iv) 


A = A' = 7r. 

( a- a'=4*2 cm. 

fA=A'=36°. 

B = B' = 46“. 

■ (ii) -[ 6= f/=2’4 cm. 

(iii) 4B = B' = 12r. 

a= a' = 3'7 cm. 

lC=C'=8l“. 

|C=C' = 23°. 

a= a'=3’0 cm. 

fB = B'=63“. 

|■C=C'=90^ 

6' =6*2 cm. 

(v) -16= 6' =4*3 cm. 

(vi) -j c= c'=5 cm. 

c= c'=4*5 cm. 

[ c= c'=5 0 cm. 

[ o= a'=3 cm. 


6. Summarise the results of the last question by stating generally 
under what conditions two triangles 

(i) are necessarily congruent ; 

(ii) may or may not be congruent. 

7. l^f tvx> triangles have their angles equals each to each, the triangles 
are w>t necessarily equal in all respects, because the three data are wA \ 
Independent Carefully explain this statement 
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{Miacdlmema Examples.) 

8. ‘ (i) Tht perpendicular is the shc/rtest line that can be draion to a 
given straight line from a given point. 

(ii) Obliques which make equal angles with the perpendicular are 
equal 

(iii) Of two obliques the less is that which makes the smaller angle wUh 
the perpendicular. 

9. If two triangles have two sides oj the one equal to two sides of the 
other ^ each to each^ and have likewise the angles opposite to one pair of equal 
sides equalf then the angles opposite to the other pair of equal sides are 
either equal or supplementary^ and in the former case the triangles are 
equcd in all respects. 

• 

10. PQ ia a perpendicular (4 cm. in length) to a straight line XY. 
Draw through P a series of obliques making with PQ the angles 16®, 
30®, 45®, 60®, 75®. Measure the lengths of th^ese obliques, and tabulate 
the results. 

11. PAB is a triande in which AB and AP have constant lengths 
4 cm. and 3 cm. If Ad is fixed, and AP rotates about A, trace the 
changes in PB, as the angle A increases from 0® to 180®. 

Answer this question by drawing a series of figures, increasing A by 
increments of 30®. Measure PB in each case, and tabulate the results. 

12. From B the foot of a flagstaff AB a horizontal line is drawn 
passing two points C and D which are 27 feet apart. The angles BCA 
and BuA are 65® and 40® respectively. Represent this on a diagram 
(scale 1 cm. to 10 ft. ), and find by measurement the approximate height 

^of the flagstaff. 

13. From P, the top of a liAthouse PQ, two boats A and B are 
seen at anchor in a line due south of the lighthouse. It is known that 
PQ=126 ft., iLPAQ=57®, APBQ=33®; hence draw a plan in which 
1" represents 100 ft. , and find by measurement the distance between A 
and D to the nearest foot. 

14. From a lighthouse L two ships A and B, which are 600 yards 
apart, are observed in directions S.w, and 15° East of South respec- 
tively. At the same time B is observed from A in a S.E. direction. 
Draw a plan (scale 1" to 200 yds. ), and find by measurement the distance 
of the lighthouse from each ship. 
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GBOMBTEY. 


PAEALLILOGRAMS. 

DEFINITIONS. 

A quadrilateral is a plane figure bounded ^ 
by Jmt straight lines. j 

The straight line which joins opposite angular ^ 
points in a quadrilateral is called a diagonal. 


2. A parallelogram is a quadrilateral 
whose opposite sides are pa/rallel 

[It will be proved hereafter that the opposite 
sides of a parallelogram are equal, and that its 
opposite angles are equal.] 


3. A rectangle is a parallelogram which 
has one of its angles a right angle. 

[It will be proved hereafter that all the angles of 
a rectangle are right angles. See page 59.] 



4. A square is a rectangle which has two 
adjacent sides equal. 

c 

[It will be proved that all the sides of a square are 
equal and all its angles right angles. See page 59.] 


5. A rhombus is a quadrilateral which 
has ail its sides equal, but its angles are 
not right angles. 



6. A trapezium is a quadrilateral which has 
im pair of parallel sidea 
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Theorem 20. [Euclid I. 33.] 

The straight lim which join the extrmUies of two equal and 
joaraUd straight lines towards the same parts are thmsekes egua? 
and parallel. 



Let AB and CD be equal and parallel straight lines ; and let 
them be joined towards the same parts by the straight lines 
AC and BO. 


Join BC. 

Proof. Then because AB and CD are parallel, and BC meets 
hem, 

.‘. the L ABC = the alternate L DCB. 


Now in the A* ABC, DCB, 

{ AB = DC, 

because j BC is commbn to both ; 

I and the l ABC = the l DCB ; trawd. 

the triangles are equal in all respects •, 

so that AC=DB, (i) 

and the z.ACB=iLDBC. 

But these are alternate angles ; * 

AC and BD are parallel (ii) 


★ 

That i^ AC and BD are both equal and parallel. 
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Theorem 21 [Euclid I. 34.] ^ 

The opposite sides and angles of a parallelogram are equal to on 
another^ and each diagonal bisects the parallelogram. 



Let ABCD be a parallelogram, of which BD is a diagonal. 
It is required to prove that 

(i) AB = CD, awrf AD = CB, 

(ii) the L BAD = the L DCB, 

(iii) the l ADC = L CBA, 

(iv) the A ABD = the A CDB in area. 


Proof. Because AB and DC are parallel, and BD meets them. 
. • . the L ABD = the alternate ^ CD B. 

Again, because AD and BC are parallel, and BD meets them, 
the LADB = the alternate lCBD. 


Hence in the A* ABD, CDB, 

[thez.AB'D = the2LCDB, 
because < the l ADB = the l CBD, 

[and BD is common to both ; 

the triangles are equal in all respects ; 

so that AB = CD, and AD = CB ; 

and the l BAD = the l DCB ; 

and the A ABD = the A CDB in area 

And because the l ADB = the lCBD, 
and the i.CDB = the Z-ABD, 
the whole l ADC = the whole L CBA. 


Proved. ^ 


Theor. 17. 

(i) 

(ii), 

(iv) 

Proved. 


■(iii) 


Q.E.1). 
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^ROLLARY 1. If one angle of a parallelogram is a right 
\le, all its angles are right angles, 
n other words : 

All the angles of a rectangle are right angles. 

For the sum of two consecutive ^*=2 rt. L* ; [Thtor. 14.) 
, if oue of these is a rt. angle, the other must be a rt. angle. 

And the opposite angles of the par*" are equal ; 

. all the angles are rt. angles. 

Corollary 2. All the sides of a square are equal ; and all 
s angles are right angles. 

Corollary 3. The diagonals of a parallelogram Used me 
.mther. 

Let the diagonals AC, BD of the par"' 

\BCD intersect at 0. 

To prove AO=OC, and BO = OD. 

In the A" AOB, COD, 

rthe A CAB = the alt. Z.OCD, 
because -[the Z. AOB = vert. opp. Z.COD, 

[ and AB=the opp. side CD ; 

/. OA=OC; and OB = OD. Them 17. 



EXERCISES. 

1. If the opposite aides of a quadrilateral are equal, the fgure ia a 
irallelogram, 

2. If the opposite angles of a quadrilateral are equal, the figure is a 
vrallelogram. 

3. If the diagonals of a quadrilateral Usect each other, the figure is a 
•rallelogram, 

4. The diagonals of a rhombus bisect one another at right angles, 

5. If the diagonals of a parallelogram are equal, all its angles are 
^ht angles. 

6. In a parallelogram which is not rectangular the diagonals are 
3qual. 
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GEOMETRY. 


EXERCISES ON PARALLELS AND PARALLELOGRAMS, 
{Symmetry and Superposition.) 

1. Shew that by folding a rhombus about one of its diagonals the 
triangles on opposite sides of the crease may be made to coincide. 

That is to say, prove that a rhombus is symmetrical about either 
diagonal 

2. Prove that the diagonals of a square are axes of symmetry. Name 
two other lines about which a square is symmetrical. 

3. The diagonals of a rectangle divide the figure into two congruent 
triangles: is the diagonal, therefore, an axis of symmetry? About 
what two lines is a rectangle symmetrical ? 

4 ^ Is there any axis about which an oblique parallelogram is sym* 
metrical ? Give reasons for your answer. 

5. In a quadrilateral ABCD, AB=AD and CB=CD ; but the sides 
are not all equal. Which of the diagonals (if either) is an axis of 
symmetry ? 

6. Prove by the method of superposition that 

(i) Two paraMdograms are identically equal if two adjacent sides of 
one are equal to two adjacent sides of the other, each to each, and one 
angle of one equal to one angle of the other, 

(ii) Two rectangles are eqt^ if two adjacent sides qf one are equal to 
two adjacent sides of the other, each to each, 

7. Two quadrilaterals ABCD, EFGH have the sides AB, BC, CD, DA 
equal respectively to the sides EF, FQ, GH, HE, and have also thl , 
angle BAD equal to the angle FEH. Shew that the figures may bs 
made to coincide with one anothe^. 


(Miscellansous Theoretical Examples.) 

8. straight line drawn through the middle point of a diagonal of 
a parallelogram and terminated by a pair of opposite sides, is bisected 
at that point. 


9. In a parallelogram the perpendiculars drawn from, one pair of 
opposite angles to the diagonal which joins the other pair are equal. 

^ ««Peotivelv the middle 
the sidei AD, BC; shew that the figure AYOX is a pand- 
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PARALl^LS AND PARALLELOGRAMS. 

11. ABC and PEF are two triangles such that AB, BC are respec- 
tively equal to and parallel to DE, EF ; shew that. AC is equal and 
parallel to DF. 

12. ABCD is a quadrilateral in which AB is parallel to DC, and AD 
equal but not parallel to BC ; shew that 

(i) the iLA+the LC=180‘’=the AB + the LO; 

(ii) the diagonal AC = the diagonal BD ; 

(iii) the quadrilateral is symmetrical about the straight line joining * 
the middle points of AB and DC. 

13. AP, BQ are straight rods of equal length, turning at equal 
rates (both clockwise) about two fixed pivots A and B respectively. If 
the rods start parallel but pointing in opposite senses, shew that 

(i) they will always be parallel ; 

(ii) the line Joining PQ will always pass through a certain fixed 
point. 


{MisceUaneoua Numerical and OraphiccU Exam^es.) 

14. Calculate the angles of the triangle ABC, having given . 

int. Z-A=® of ext. Z-A; 36=40. 

15. A yacht sailing due East changes her course successively by 63*, 

W 78®, by 119®, and by 64®, with a view to sailing round an island. 
What further change must be made to set her once more on an Easterly 
course ? * 

16. If the sum of the interior angles of a rectilineal figure is equal 
to the sum of the exterior angles, how many sides has it, and why ? 

17. Draw, using your protractor, any five-sided figure ABODE, 
in which 

AB=110“, Z.C=115®, AD=93®, LE = 162®. 

Verify by a construction with ruler and compasses that AE is parallel 
to BC, and account theoretically for this fact. 

18. A and B are two fixed points, and two straight lines AP, BQ, 
Unlimited towards P and Q, are pivoted at A and B. AP, starting from 
the direction AB, turns about A clockwise at the uniform rate of 7i^ a 
second ; and BQ, starting simultaneously from the direction BA, turns 
about B counter-clockwise at the rate of 3i® a second. , 

(i) How many seconds will elapse before AP and BQ arc parallel ? 

(ii) Find graphically and by calculation the angle between AP and 
BQ twelve seconds from the start. 

(iii) At what rate does this angle decrease ? 
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Theorem 22. 

If there are three or more parallel straight lines, and the intercepU 
made by them on any transversal are equal, then the corresponding 
intercepts on any oth^ transversal are also equal 



Let the parallels AB, CD, EF cut off equal intercepts PQ, QR 
from the transversal PQR ; and let XY, YZ be the corresponding 
intercepts cut off from any other transversal XYZ. 

It is required to prove that XY « YZ. 

Through X and Y let XM and YN be drawn parallel to PR. 

Proof. Since CD and EF are parallel, and XZ meets them, 
.*. the L XYM = the corresponding l YZN. 

And since XM, YN are parallel, each being parallel to PR, 

.*. the L MXY = the corresponding l NYZ. 

Now the figures PM, QN are parallelograms, 

. XM = the opp. side PQ? and YN = the opp. side QR ; 
and since by hypothesis PQ~QR, 

XM = YN. 

Then in the A* XMY, YNZ, 

f the z. XYM- the ^ YZN, 
the 2: MXY == the /.NYZ, 
andXM-YN; 

the triangles are identically equal ; Thecr, 17 , 

XY»YZ. 


Q.B.D. 
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Coillll^tlY. In a triangle ABC, if a set 
drawn parallel to the base, divide me side AB into 
also divide the other side AC into egual parts. 


»,Q?,Rr, 
equal parts, they 



The lengths of the parallels Pp, Q^, Rr, may thus be expressed 
in terms of the base BC. 

Through /?, g, and r let /)1, (fi, r.3 be drawn par* to AB. 

Then, by Theorem 22, these par*® divide BC into four equal parts, of 
which 9p evidently contains owe, Qg two, and Rr three. 

In other words, 

Pii=j • BC ; Qjq=l ■ BC ; Rr=| • BC. 

Similarly if the given par*® divide AB into w equal parts, 

Pp=-- • BC, 


*** P't'oblem 7, p, 78, should now be worked. 


DEFINITION. 

* If from the extremities of a straight line AB perpendiculars 
AX, BY are drawn to a straight line PQ of indefinite length, 
then XY is said to be the orthogonal projection of AB on PQ. 

B 

X 

Q P T Y Q 

A 
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GBOMKTRY. 


EXERCISES ON PARALLELS AND PARALLELOGRAMS. 

1 . The straight line drawn through the middle point of a side of a ' 
triangle^ paralld to the hose, bisects the remaining side, 

[This is an important particular case of 
‘Theorem 22. 

In the A ABC, if Z is the middle point of 

AB, and ZY is drawn par^ to BC, we nave to 
prove that AY = YC. 

Draw YX par^ to AB, and then prove the. 

A'ZAY, XYC congruent.] 

2. The straight line which joins the 
middle points of two sides of a triangle is 
paralld to the third side. 

[In the A ABC, if Z, Y are the middle 
points of AB, AC, we have to prove ZY 
par^ to BC. 

Produce ZY to V, making YV equal to _ 

ZY, and join CV. Prove the A* AYZ, 3 
CYV congruent j the rest follows at once.] 

3. The straight line which joins the middle points of two sides of a 
triangle is equal to half the third side. 

4. Shew that the three straight lines which join the middle points 
of the sides of a triangle^ divide it into four triangles which are identi- 
cally equal. 

5. Any straight line drawn from the vertex of a triangle to the haSe 
is bisected by the straight line which joins the middle points of the other 
sides of the triangle. 

6 . ABCD is a mrallelograni, and X, Y are the middle points of 
the opposite sides Au, BC ; shew that BX and DY trisect the diagonal 

AC. 

7 If the middle points of adjacent sides of any quadrilateral are 
joined^ the figure thus formed is a parcdldogram. 

8 . Shew that the straight lines which join the middle points of 
opposite sides of a quadrilateral, bisect one another. 
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9. From two points A and and from O the mid-point between 
them, perpendiculars AP, BQ, OX are drawn to a straight line CD. 
If AP, BQ measure respectively 4*2 cm. and 5*8 cm., deduce the length 
of OX, and verify your result by measurement. 

Shew that OX=i(AP+BQ) or ^(AP^BQ), according as A and B 
are on the same side, or on opposite sides of CD. 

10. When three parallels cut oflF equal intercepts from two trans- 
versals, shew that of the three parallel lengths between the two* 
transversals the middle one is the Aidthmetic Mean of the other two. 

1 1 . The parallel sides of a trapezium are a centimetres and b centi- 
metres in length. Prove that the line joining the middle points of the 
oblique sides is parallel to the parallel sides, and that its length is 
J(a-l-b) centimetres. 

12. OX and OY are two straight lines, and along OX five points 
1, 2, 3, 4, 5 are marked at equal distances. Through these points 
parallels are drawn iA any direction to meet OY. Measure the lengths 
of those parallels : take their average, and compare it with the length 
of the third parallel. Prove geometrically that the 3”* parallel is the 
mean of all five. 

State the corresponding theorem for any odd number (2n-fl) of 
parallels so drawn. 

13. From the angular points of a parallelogram perpendiculars 
are drawn to any straight line which is ouj^ide the parallelogram; 
shew that the sum of the ‘perpendiculars drawn from one pair of 
opposite angles is equal to the sum of those drawn from the other pair. 

[Draw the diagonals, and from their point of intersection suppose 
a perpendicular drawn to the given straight- line.] 

14. The sum of the perpendiculars drawn from any point in the 
iNtse of an isosceles triangle to the gqual sides is equal to the perpen- 
dicular drawn from either extremity of the base to the opposite side. 

[It follows that the sum of the distances of any point in the base 
of an isosceles triangle from the equal sides is constant, that is, the 
same whatever point in the base is taken.] 

How would this property be modified if the given point were taken 
in the base produced ? 

15. The sum of the perpendiculars drawn from any point within 
an equilateral triangle to the three sides is equal to the perpendicular 
drawn from any one of the angular points to the opposite side, and is 
therefore constant. 

18. Equal and parallel lines have equal projections on any other 
straight line. 

H.8.0, ® 
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DIAGONAL SCALES. 

Diagonal scales form an important application of Theorem 22 
We shall illustrate their construction and use by describing a 
Decimal Diagonal Scale to shew Inches, Tenths, and Hundredths. 

A straight line AB is divided ^from A) into inches, and the 
points of division marked 0, 1, 2 ... . The primary division 
OA is subdivided into tenths, these secondary divisions being 
numbered (from 0) i, 2, 3, ... 9. We may now read on AB 
inches and tenths of an inch. 



In order to read hundredths, ten lines are taken at any equal 
intervals parallel to AB ; and perpendiculars are drawn through 

0 , 1 , 2 ,.... 

The primary (or inch) division corresponding to OA on the 
tenth parallel is now subdivided into ten equal parts; and 
diagonal lines are drawn, as in the diagram, 
joining 0 to the first point of subdivision on the 10*^ parallel. 

,, 1 to the second ,, ,, ,, ,, 

„ 2 to the third ,, ^ „ „ „ 

and so on. 

The scale is now complete, and its use is shewn in the 
following example. 

Exwmplt. To take from the scale a length of2'4!7 inches, 

(i) Place one point of the dividers at 2 in AB, and extend them till 
the other point reaches 4 in the subdivided inch OA. We have now 
2*4 inches in the dividers. 

(ii) To get the remaining 7 hundredths, move the right-hand point 
np the perpendicular through 2 till it reaches the 7^ parallel. Then 
extend the dividers till the left point reaches the diagonal 4 also on the 
7^ parallel. We have now 2*47 inches in the dividers. 
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RBASON FOR THE ABOVE PROCESS. 


The first step needs no explanation. The 
second is found in the Corollary of Theorem 22. 

Joining the point 4 to the corresponding point 
on the tenth parallel, we haveta triangle 4 , 4 , 5 , 
of which one side 4,4 is divided into ten equal 
parts by a set of lines parallel to the base 4 , 6 . 

Therefore the lengths of the parallels between 
4 , 4 , and the diagonal 4,6 are TO-*- of the 

base, which is *1 inch. 

Hence these lengths are respectively 
‘01„ *02, ‘03, ... of 1 inch. 


reason of the 

5 4 


4 3 2 1 0 


Similarly, by means of this scale, the length of a given 
straight line may be measured to the nearest hundredth of an 
inch. 


Again, if one inch-division on the scale is taken to represent 
10 feet, then 2'47 inches on the scale will represent 24 7 feet. 
And if one inch-division on the scale represents 100 links, then 
2-47 inches will represent,247 links. Thus a diagonal scale is 
of service in preparing plans of enclosures, buildings, or field- 
works, where it is necessary that every dimension of the actual 
object must be represented by a line of proportional length on 
the plan. 


NOTE. 

The subdivision of a diagonal scale need not be decirrud. 

For instance we might construct a diagonal scale to read centimetres, 
millimetres, and qmrters of a millimetre ; in which case we should take 
/bur parallels to the line AB. 


[For Exercises on Linear Measurements see the following page.] 
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GEOMETRY. 


EXERCISES ON LINEAR MEASUREMENTS. 

1. Draw straight lines whose lengths are 1’25 inches, 2*72 inches, 
3*08 inches. 

2. Draw a line 2*68 inches long, and measure its length in centi- 
metres and the nearest millimetre.- ^ 

* 3. Draw a line 5*7 cm. in length, and measure it in inches (to the 

nearest hundredth). Check your result by calculation, given that 
I cm. =0*3937 inch. 

4. Find by measurement the equivalent of 3*15 inches in centi- 
metres and millimetres. Hence calculate (correct to two decimal 
places) the value of 1 cm. in inches. 

6. Draw lines 2*9 cm. and 6*2 cm. in length, and^measure them in 
inches. Use each equivalent to 6nd the value of 1 inch in centimetres 
and millimetres, and take the average of your results. , 

6. A distance of 100 miles is represented on a map by 1 inch. 
Draw lines to represent distances of 336 miles and 408 miles. 

7. If 1 inch on a map represents I kilometre, draw lines to represent 
850 metres, 2980 metres, and 1010 metres. 

8. A plan is drawn to the scale of 1 inch to 100 links. Measure in 
centimetres and millimetres a line representing 417 links. 

9. Find to the nearest hundredth of an inch the length of a line 
which will represent 42*500 kilometres in a map drawn to the scale of 
1 centimetre to 6 kilometres. 

10. The distance from London to Oxford (in a direct line) is 
55 miles. If this distance is represented on a map by 2*75 inches, to 
what scale is the map drawn? That is, how many miles will be 
represented by 1 inch ? How many kilometres by I centimetre? 

[I cm. =0 3937 inch ; 1 km. = J mile, nearly.] 

11. On a map of France drawn to the scale I inch to 35 miles, the 
distance from Paris to Calais is represented by 4*2 inches. Find the 
distance accurately in miles, and approximately in kilometres, and 
express the scale in metric measure. [1 km. =f mile, nearly.] 

12. The distance from Exeter to Plymouth is 374 mileS) and 
appears on a certain map to be 24" *, and the distance from Lincoln to 
York is 88 km. , and appears on another map to be 7 cm. Compare the 
scales of these maps in miles to the inch. 

13. Draw a diagonal scale, 2^ centimetres to represent 1 yard, 
shewing yards, feet, and inches. 
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PEACTICAI. GEOMETEY. 


PEOBLEMS. 

The following problems are to be solved with ruler and 
compasses only. No step requires the actual measurement 
of any line or angle ; that is to say, the constructions are to be 
made without using either a graduated scale of length, or a 
protractor. * 

The problems are not merely to be studied as propositions ; 
but the construction in every case is to bo actually performed 
by the learner, great care being given to accuracy of drawing 

Each problem is followed by a theoretical proof ; but the 
results of the work should always be verified by measurement, 
as a test of correct drawing. Accurate measurement is also 
required in applications of tne problems. 

In the diagrams of the problems lines which are inserted 
only for purposes of proof are dotted, to distinguish them 
from lines necessary to the construction. 

For practical applications of the problems the student 
should be provided with the following instruments : 

1. A flat ruler, one edge being graduated in centimetres 
and millimetres, and the other in inches and tenths. 

2. Two set squares ; one with angles of 46", and the other 
with angles of 60" and 30". 

3. A pair of pencil compasses. 

4. A pair of dividers, preferably with screw adjustment. 

6. A semi-circular protractor. 
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Problem L 
To bisect a given angle. 



Let BAG be tbe given angle to be bisected 

Construction. With centre A, and any* radius, draw an 
arc of a circle cutting AB, AC at P and Q. 

With centres P and Q, and radius PQ, draw two arcs cutting 
at 0. Join AO. 

Then the l BAG is bisected by AO. 

> 

Proof. Join PO, QO. 

In the A' APO, AQO, 

) AP= AQ,^being radii of a circle, 

PO = QO,'" „ „ equal circles, 

and AO is common ; 

the triangles are equal in all respects ; Theor, 7. 

so that the l PAO = the lQAO ; 
that is, the l BAG is bisected by AO. 

Note. PQ has been taken as the radius of the arcs drawn from the 
centres P and Q. and the intersection of these arcs determines the 
point 0. Any radius, however, may be used instead of PQ, provided 
that it is great enough to secure the intersection of the arcs. 
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Problem 2. 

To Used a given straight line. 



Let AB be the line to be bisected. 

Construction. With centre A, and radius AB, draw fwo 
arcs, one on each side of AB. 

With centre B, and radius BA, draw two arcs, one on each 
side of AB, cutting the first arcs at P and Q. 

Join PQ, cutting AB at O. 

Then AB is bisected at O 

Proof. J oin AP, AQ,- BP, BQ. 

In the A- APQ, BPQ, 

AP= BP, being radii of equal circles, 
because - AQ = BQ, for the same reason, 
and PQ is commojj ; 

* . • . the z. APQ = the L BPQ. Theor, 7. 

Again in the A* APO, BPO, 

AP-BP, 

because - PO is common, 

and the l APO = the l BPO ; 

AO = OB; Theor, 4. 

that is, AB is bisected at O. 

Notss. (i) AB was taken as the radius of the area drawn from the 
centres A and B, but any radius may be used provided that it is great 
enough to secure the intersection of the arcs which determine the pointc 
P and Q. 

(ii) From the congruence of the A* APO, BPO it follows that the 
Z.AOP=the A BOP. As ^ adjacent angles, it follows t^at rQ 
hiaecU AB at right angles. 
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Problem 3. 

To draw a straight line perpendicular to a given straight line at 
a given point in it. 



Let AB be the straight line, and X the point in it at which 
a perpendicular is to be drawn. 

Construction. With centre X cut off from AB any two 
equal parts XP, XQ. 

With centres P and Q, and radius PQ, draw two arcs cutting 

at 0. 

Join XO. 

Then XO is perp. to AB. 

Proof. Join OP, OQ. 

In the A*PXP, OXQ, 

{ XP = XQ, by construction, 

OX is common, 

and PO = QO, being radii of equal circles ; 

. • . the Z- OXP = the l OXQ. Thew. 7. 

And these being adjacent angles, each is a right angle ; 
that is, XO is pcrp. to AB. 

% 

Ohs. If the point X is near one end of AB, one or other of 
the alternative constructions on the next page should be used. 
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Problem 3. Second Method. 


Construction. Take any point C 
outside AB. 

With centre C, and radius CX, draw 
a circle cutting AB at D. 

Join DC, and produce it to meet 
the circumference of the circle at 0. 

Join XO. 

Then XO is perp. to AB. 



Proof. Join CX. 

Be^jause CO = CX ; the l CXO = the z. COX ; 
and because CD == CX ; . *. the l CXD = the z. CDX. 
the whole Z-DXO = the LXOD-f the 2 -XDO 
= 1 of 180“ 

= 90“. 

XO is perp. to AB. 


Problem 3. Third Method. 

Construction. With centre X 
and any radius, draw the arc CDE, 
cutting AB at C. 

With centre C, and with the 
same radius, draw an arc, cutting 
the first arc at D.^ 

With centre D, and with the 
same radius, draw an arc cut- 
ting the first arc at E. 

Bisect the l DXE by XO. Froh. 1. 

Then XO is perp. to AB. 

Proof. Each of the z.*CXD, DXE may be proved to be 60* j 
and the l DXO is half of the l DXE ; 

.*. thez-CXOis 90“. 

That is, XO is perp. to Aa 
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Problem 4. 

To d/raw a straight line perpendicular to a given straight line 
from a given exterrud point. 



Let X be the given external point from which a perpen- 
dicular is to be drawn to AB. 

• Oonstruction. Take any point C on the side of AB remote 
from X. 

With centre X, and radius XC, draw an arc to cut AB at P 
and Q. 

With centres P and Q, and radius PX, draw arcs cutting at 
Y, on the side of AB opposite to X. 

Join XY cutting AB at O. 

Then XO is perp. to AB. 

Proof. Join PX, CPC, PY, QY, 

In the A* PXY, QXY, 

fPX — QX, being Vadii of a circle, 
because k PY ~ QY, for the same reason, 

[and XY is common ; 

. • . the L PXY - the l QXY. Theor. 7. 

Again, in the A* PXO, QXO, 

c PX«QX, 

because | XO is common, 

land the L PXO = the l QXO , 

. • . the z. XOP = the l XOQ. Them 4. 

And these being adjacent angles, each is a right angle, 
that is, XO is perp, to AB. 



PROBLEMS ON LINES AND ANOUES. 


7 ^^ 

. Oh. When the point X is nearly opposite one end of AB, 
one or other of the alternative constructions given below 
should be used. 


Problem 4. Second Method, 

Construction. Take any point D in 
AB. Join DX, and bisect it at C. 

With centre C, and radius CX, draw 
a circle cutting AB at D and 0. 

Join XO. 

Then XO is perp. to AB. 

For, as in Problem 3, Second Method, the /.XOD is a right 
angle. 



PfeoBLEM 4. Third Method, 


Construction. Take any two points 
D and E in AB. 

With centre D, and radius DX, draw 
an arc of a circle, on the side of AB 
opposite to X. 

With centre E, and radius EX, draw 
another arc cutting the former at Y. 

Join XY, cutting AB at 0. 

Then XO is perp. to AB. 

(i) Prove the A’ XDE, YDE equal 
in all respects by Theorem 7, 

so that the L XDE = the L YDE. 

(ii) Hence prove the A* XDO, YDO equal in all respects 
by Theorem 4, so that the adjacent DOX, DOY are equal. 

That is, XO is perp. to AB. 
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Problem 5. 

At a given point in a given straight line to make an angle equal 
to a given angle. 



Let BAG be the given angle, and FQ the given straight line ; 
and let 0 be the point at which an angle is to be made equal 
to the L BAG. 

Construction. With centre A, and with any radius, draw 
an arc cutting AB and AG at D and E. 

With centre 0, and with the same radius, draw an arc 
cutting FQ at Q. 

With centre Q, and with radius DE, draw an arc cutting the 
former arc at P, ^ 

Join OP. 

Then POQ is the required angle. 

L 

Proof. Join ED, PQ. 

In the A* POQ, EAD, 

{ OP=AE, being radii of equal circles,. 

OQ = AD, for the same reason, 

PQ= ED, by construction ; 

the triangles are equal in all respects ; 
so that the l POQ « the l EAD, Theor. ?. 
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Problem 6. 

Through a given point to draw a straight line parallel to a given 
straight line. 



Let XY be the given straight line, and 0 the given point, 
through which a straight line is to be drawn par' to XY. 

Construction. In XY take any point A, and join OA. 

Using the construction of Probleiri 6, at the point 0 in 
the line AO make the lAOP equal to the /.OAY and alternate 
to it. 

Then OP is parallel to XY. 

Proof. Because AO, meeting the straight lines OP, XY, 
makes the alternate L* POA, OAY equal ; 

OPisparHoXY. 


The construciicks of Problem 3, 4, and 6 are rwt vmally 
followed in practical applications. Parallels and perpendiculars 
, may be more quicUy drawn by the aid of set sqmres. {See Lessons 
IN Experimental Geometry, pp. 36, 42.) 
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Problem 7. 

To divide a given straight line into any number of eqml parts, 

a 

T 



^ P q y s ^ 

* • 

Let AB be the given straight line, and suppose it is required 
to divide it into five equal parts. 

Construction. From A draw AC, a straight line of unlimited 
length, making any angle with AB. 

From AC mark off five equal parts of any length, AP, PQ, 
QR, R8, 8T. 

Join TB; and through P, Q, R, 8 draw par*“ to TB, meeting 
AB in p, r, s. 

Then since the par^ Pp^ Qq^ Rr, 85, TB cut off five equal parts 
from AT,^ they also ^cut off five equal parts from AB. 
(Theorem 22.) 


c 

SECOND METHOD. 


From A draw AC at any angle with 
AB, and on it mark off four equal parts 
AP, PQ, QR, R8, of any length. 

From B draw BD par‘ to AC, and on 
it mark off B8', S'R', R'Q', Q'P', each 
equal to the parts marked on AC. 

Join PP', QQ', RR', 88' meeting AB 
in j, r, s. Then AB is divided into 
five equal parts at these points. 

[Prove by Theorems 20 and 22.] 
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BXBROISES ON LINES AND ANGLES. 

(Graphical Exercise,) 

1. Constru(?t (with ruler and compasses only) an angle ot 60\ 

By repeated bisection divide this angle into four equal parts. • 

2. By means of Exercise 1, trheci. a right angle ; that is, divide it 
♦into three equal parts. 

Bisect each part, and hence shew how to trisect an angle of 45*. 

[No construction is known for exactly trisecting any angle.] 

3. Draw a line 6*7 cm. long, and divide it into five equal parts. 
Measure one of the parts in inches (to the nearest hundredth), and verify 
your work by calculation. [1 cm. =0*3937 inch.] 

4. Prom a*straigh#'line 3*72" long, cutoff one seventh Measure 
the part in centimetres and the nearest millimetre, and verify *your 
work by calculation. 

5. At a point X in a strai^t line AB draw XP perpendicular to AB, 
making XP 1*8" in length. From P draw an oblique PQ, 3*0^ long, 
to meet AB in Q. Measure XQ. 


{Problems, State your construction, aiid give a iheoreticai proof) 

6. In a straight line XY find a point which is equidistant from two 
given points A and B. 

When is this impossible? 

7. In a straight line XY find a point which is equidistant from two 
intersecting lines AB, AO. 

When is this impossible? 

8. Frofs a given point P draw a straight lino PQ, making with a 
given straight line Ao an angle of given magnitude. 

9. From two given points P and Q on the same side of a straight 
line AB, draw two lines which meet in AB and make equal an^es 
with it. 

[Construction, From P draw PH perp. to AB, and produce PH to P> 
making HP equal to PH. Join P'Q cutting AB at K. Join PK. 
Prove that PK, QK are the required lines.] 

10. Throligh a given point P draw a straight lino such that the 
perpendiculars drawn to it from two points A and B may be equaL , 

Is this always possible 7 
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GEOMETRY. 


The Construction of Triangles. 

Problem 8. 

To draw a triangle having given the lengths of the three sides. 



Let a, c be the lengths to which the sides of the required 
triangle are to be equal. 

Construction. Draw any straight line BX, and cut off from 
it a part BC equal to a. 

With centre B, and radius c, draw an arc of a circle. 

With centre C, and radius &, draw a second arc cutting the 
first at A. 

Join AB, AC. 

Then a6c is the required triangle, for by construction the 
sides BC, CA, AB are equal to a, J, c respectively. 

Ohs. The three data, a, i, c may be understood in two 
ways : either as three actual Hnes to which the sides of the 
triangle are to be equal, or as three numbers expressing the 
lengths of those lines in terms of inches, centimetres, or some 
other linear unit. 


Notes, (i) In order that the construction may be possible it is 
necessary that any two of the given sides should be together greater 
than the third side (Theorem 11) ; for otherwise the arcs drawn from 
the centres B and C would not cut. 

(ii) The arcs which cut at A would, if continued, cut again on the 
other side of BC. Thus the construction gives two triangles on opposite 
sides of a common base. 
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ON THE CONSTRUCTION OF TRIANGLES. 

It has boon seen (Pago 50) tliat to prove two triangles 
’identically equal, three parts of one must be given equal to 
the eorrtisponding parts of the other (though oni/ three parts 
do not necessarily serve the purpose). This amounts to saying 
that to determine the shape and size of a triangle we must know 
tliree of its parts : or, in other words, 

To construct a triangle three independent data are required, 

• * 

For example, we may construct a triangle 

(i) When two sides (b, c) and the included angle (A) are given. 

The method of construction in this case is obvious. 


(ii) When two angles (A, B) and one side (a) are given. 


Here, since A and B are given, we at once know C ; 
for A+B + C=180®. 

Hence we have only to draw the base equal 
to a, and at its ends make angles equal to 
B and C ; for we know that the remaining 
angle must necessarily be equal to A. a 




(iii) If the three angles A, B, C are given (and no side), the 
problem is mdeterminate, th^t is, the number of solutions 
is unlimited. 

f 

For if at the ends of any base we make angles equal to 
B and C, the third angle is equal to A. 

This construction is indeterminate, because the three data 
are not independent^ the third following necessarily from the 
other two 


H.S.CI. 


F 
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GBOMETRY. 


Problem 9. 


To comtrvid a triangle hamng given two sides and an angle 
opposite to one of them. 



Construction. Take any straight line BX, and at B make 
the ^XBY equal to the given ^B. 

From BY cut off BA equal to c. 

With centre A, and radius J, draw an arc of a circle. 

If this arc cuts BX in two points Cj and C^, both on the 
same side of B, both the A*ABCp ABCg satisfy the given con- 
ditions. 

This double solution^ is known as the Ambiguous Case, and 
will occur when h is less than c but greater than the perp. 
from A on BX. 


EXERCISE. 

Draw figures to illustrate the nature and number of solutions in the 
following cases : 

(i) When h is greater than c. 

(li) When h U equal to c. 

(Mi) When h is equal to the perpendicular from A on jBX. 

(iv) When h is less than this perpendicular. 
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Problem 10. 


To comlrvd a nghtmgld triangle haring given the hypolemm 
and one side. 



Let AB be the hypotenuse and P the given side. 

Oonstraction. Bisect AB at 0 ; and with centre 0, and 
radius OA, draw a semicircle. 

With centre A, and radius P, draw an arc to cut the semi- 
circle at C. 

Join AC, BC. 

Then ABC is the required triangle. 

Proof. Join OC. 

Because OA=OC‘; 

.-. thei,OCA“theLOAC. 

And because OB«OC; 

.'. the L ^CB = the L OBC. 

. . vue whole z.ACB= the l OAC + the l OBC 

ml of 180° Them. 18. 
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ON THE CONSTRUCTION OF TRIANGLES. 

[Oraphical Exercises.) 

1. Draw a triangle whose sides are 7*5 cm., 6*2 cm., and 5*3 cm. 
Draw and measure the perpendiculars dropped on these sides from 

the opposite vertices. 

[N.B. The perpendiculars, if correctly drawn, will meet at a point, 
as will be see.n later. See page 207.] ^ 

2. Draw a triangle ABC, having given 0=3*00", 6=2*50", c=2*75". 
Bisect the angle A by a line which meets the base at X. Measure 

6X and XC (to the nearest hundredth of an inch) ; and hence calculate 
BX 

the value of ^ to two places of decimals. Compare your result with 
UX • 

the value of 

0 

3. Two sides of a triangular field are 315 yards and 260 yards^ and 
the included angle is known to be 39°. Draw a plan (1 inch to 
100 yards) and find by measurement the length of the remaining side of 
the field. 

4. ABC is a triangular plot of ground, of which the base BC is 
75 metres, and the angles at B and C are 47° and 68° respectively. Draw 
a plan (scale 1 cm. to 10 metres). Write down without measurement 
the size of the angle A j and by measuring the plan, obtain the approxi- 
mate lengths of the other sides of the field ; also the perpendicular 
drawn from A to BC. 

5. A yacht on leaving harbour steers N.E. sailing 9 knots an hour. 
After 20 minutes she goes about, steering N.W. for 35 minutes and 
making the same average speed as before. How far is she now from 
the harbour, and what course (approximately) must she set for the 
run home? Obtain your results from a chart of the whole course, 
scale 2 cm. to 1 knot. 

6. Draw a right-^gled triangle, given that the hypotenuse 
c=10*6 cm. and one sid e a =6*6 cm. Measure the third side 6; and 
find the value of - Compare the two results. 

7. Construct a triangle, having given the following parts: B=34®, 
6=5*6 cm., c=8*6 cm. Shew that there are two solutions. Measure 
the two values of a, and also of C, and shew that the latter are 
supplementary. 

8. In a triangle ABO, the wgle A=50®, and 6=6*5 cm. Illustrate 
by figures the cases which arise in constructing the triangle, when 
<i) a=7 cm. (ii) a=6 cm. (iii) a=5 cm. (iv) a=4 cm. 
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9. Two straight roads, which cross at right angles at A, are carried 
over a straight canal by bridges at B and C. The distance between the 
bridges is 461 yards, and the distance from the crossing A to the bridige 
B is 261 yards. Draw a plan, and by measurement of it ascertain the 
distance from A to C. 

{ProUema. State your eonatructionf and give a theoretical proof.) 

10. Draw an isosceles triangle on a base of 4 cm., and having an 
altitude of 6 ‘2 cm. Prove the two sides equal, and measure them to 
the nearest millimetre. 

11. Draw an isosceles triangle having its vertical angle equal to a 
given angle, and the perpendicular from the vertex on the base equal to 
a given straight line. 

Hence draw ap equilateral triangle in which the perpendicular from 
one vertex on the opposite side is 6 cm. Measure the length of a side 
to the nearest millimetre. 

12. Construct a triangle ABC in which the perpendicular from A on 
BC is 5'0 cm. , and the sides AB, AC are 5*8 cm. and 9*0 cm. respectively. 
Measure BC. 

13. Construct a triangle ABC having the angles at B and C equal 
to two given angles L and M, and the perpendicular from A on BC 
equal to a given line R 

14. Construct a triangle ABC (without protractor) having given two 
angles B and C and the side h. 

15. On a given base construct an isosceles triangle having its 
vertical angle equal to a given angle L. 

16. Construct a right-angled triangle, having given the length of the 
lypotenuse c, and the sum of the rer^ining sides a and h. 

If c=6‘3 cm., and a + &= 7*3 cm., find a and h graphically; and 
alculate the value of s/c^Tb\ 

17. Construct a triangle having given the perimeter and the angles 
t the base. For example, a+ft-f-c=12 cm., B=70®, C=80*. 

18. Construct a triangle ABC from the following data ; 

a=6*6cm., 5+csslOcm., and B=:60*. 

Measure the leogths of b and e. 

19. Construct a triangle ABC from the following data : 

as: 7 cm., (;~6=:lcm,, and Bs55^ 

Measure the lengths of b and e. 
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THE CONSTRUCTION OF QUADRILATERALS. 

It has been shewn that the shape and size of a triangle art; 
completely determined when the lengths of its three sides ar€ 
given. A quadrilateral, however, is not completely determined 
by the lengths of its four sides. From what follows it will 
appear that jive independent data are required to construct a 
quadrilateral. 


Problem 11. ' 

To construct a quadrilateral, given the lengths of the four sides, 
md one angle. 



Let a, 6, c, d be the given lengths of the sides, and A the 
angle between the sides equal to a and d. 

Construction. Take any straight line AX, and cut oft' from 
it AB equal to a. 

Make the l BAY equal to the LA. 

From AY cut oflf AD equal to d. 

With centre D, and radius c, draw an arc of a circle. 

With centre B and radius J, draw another arc to cut the 
former at C. 

Join DO, BC. 

Then ABCD is the required quadrilateral ; for by construction 
the sides are equal to a, b, c, a, and ^ the L DAB is equal to the 
given angle, 
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Pbobuim 12 . 

To construct u parallelogram having given two a^aceni sides and 
the included an^h 




Let P and Q be the two given sides, and A the given angle. 

Construction 1. (fFith ruler and composes.) Take a line 
^AB equal to P; and at A make the l BAD equal to the Lht and 
make AD equal to Q. 

With centre D, and radius P, draw an arc of a circle. 

With centre 8, and radius Q, draw another arc to out the 
former at 0. 

Then ABCD is the required par"®. 

Proof. Join DB. 

In the A* DCB, BAD, 

DC = BA, 
because-} CB = AD, 

and DB is common; 
the ACDB=ith 0 Z.ABD; 
and these are alternate angles, 

DC is par^ to AB. 

Also DC = AB ; 

/• OA and BC are afso equal and parallel. 

ABCD is a par®. 

Construction 2. (With set squares,) Draw AB and AD as 
efore ; then with set squares through D draw DC par* to AB, 
ad through B draw BC par* to AD. 

By construction, ABCD is a par® having the required parts. 


, Thm. 7. 

Thm. 20. 
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Problem 13. 

To construct a square on a given side. 



Let AB be the given side. 

Construction 1. (With ruler and compasses,) At A draw AX 
perp. to AB, and out off from it AD equal to AB. 

With B and D as centres, and with radius AB, draw two arcs 
cutting at C. 

Join BC, DC. 

‘ Then ABCD is the required square. 


Proof. As in Problem 12, ABCD may be shewn to be a par“ 
And since the 2 LBAD is a right angle, the figure is a rectangle. 
Also, by construction all its sides are equal. 

ABCD is a square. 


Construction 2. (With set squares,) At A draw AX perp. to 
AB, and cut off from it AD equal to AB. 

Through D draw DC par^ to AB, and through B draw BC 
par^ to AD meeting DC in C. 

Then, bv construction, ABCD is a rectangle. [Def. 3, page 66.] 
Also it has the two adjacent sides AB, AD equal. 

it is a square. 
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EXERCISES. 

On the Construction of Quadrilaterals. 

1. Draw a rhombus each of whose sides is equal to a given straight 
line PQ, which is also to be one diagonal of the figure. 

Ascertain (without measurement) the number of degrees in each 
angle, giving a reason for your answer. 

2. Draw a square on a side of 2*5 inches. Prove theoretically that 
its diagonals are equal ; and by measuring the diagonals to the nearest 
hundredth of an inch test the correctness of your tlrawing. 

3. Construct a square on a diagonal of 3*0", and measure the lengths 
of each side. Obtain the average of your results. 

• 

4. Draw a parallelogram ABCD, having given that one side 
AB=r5*5 cm., and the diagonals AC, BD are 8 cm., and 6 cm. respectively. 
Measure AD. 

5. The diagonals of a certain quadrilateral are equal, (each 6*0 cm. ), 
and they bisect one another at an angle of 60°. Shew that jlvt inde- 
pendent data are here given. 

Construct the quadrilateral. Name its species ; and give a formal 
proof of your answer. Measure the perimeter. If the angle between 
the diagonals were increased to 90°, by how much per cent, would the 
perimeter be increased ? 

6. In a quadrilateral ABCD, 

AB=5*6 cm., BC=2*5 cm., CD=4’0 cm., and DA=3*3 cm. 

Shew that the shape of the quadrilateral is not settled by these data. 

Draw the quadrilateral when (i) A =30° (ii) A =60°. Why does the 
construction fail when A = 100°? 

Detennine graphically the ielst value of A for which the con- 
struction fails. 

7. Shew how to construct a quadrilateral, having given th^lengths 
of the four sides and of one diagonal. What conditions must hold 
among the data in order that the problem may be possible ? 

Illui|)brat6 your method by constructing a quadrilateral ABCD, when 

(i) AB=3*0", BC=1'7", CD=2*5", DA=2*8", and the diagonal 
6D=2*6", Measure AC. 

(ii) AB=3'6 cm., BC=7‘7 cm., CD=6*8 cm., DA=5*1 cm., and the 
diagonal AC=:8*5 cm. Measure the angles at B and D. 
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LOCI. 


Definition. The locus of a jteint is the path traced out 
by it when it moves in accordance with some given law. 


Examylt 1. Suppose the point P to move so 
that its distance from a fixed point 0 is oonstant 
(say 1 centimetre). 

Then the locus of P is evidently the circum- 
ference of a circle whose centre is 0 and radius 
1 era. 



Example 2. Suppose the point P 
moves at a constant distance (say 1 cm.) 
from a fixed straight line AB. 

Then the locus of P is one or other of 
two straight lines parallel to AB, on 
either side, and at a distance of 1 cm. 
from it. 



Thus the locus of a point, moving under some given con- 
dition, consists of the line or lines to which the point is 
thereby restricted ; provided thit the condition is satisfied by 
every point on such line or lines, and by no other. 

Wh|p we find a series of points which satisfy the given 
law, and through which therefore the moving point must pass, 
we are said to plot the locus of the point. 
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Problem 14. 

To find the locus of a poirU P tchich moves so (hat its distances 
from two fiaefd points A and B are always egual to one another. 



Here the point P moves through all positions in which PA= PB ; 
.‘. one position of the moving point is at 0 the middle point 
ofAB. 

Suppose P to be any other position of the moving point; 
that is, let PA=PB. 

Join OP. 


Then in the A‘ POA, POB, 
r PO is common, 

because I OA=OB, 

land PA = PB, by hypothesis; 

the L POA = the l POB. Theor. 7. 

Hence PO is perpendicular to AB. 

That is, every point P whvdi is equidistant from A (Mid B lies on 
the straight line bisecting AB at right angles. 

Likewise it may be proved that every point on the perpen- 
dicular through 0 is equidistant from A and B. 

• This line is therefore the required locus. 



GBOMSITBY. 




Problem 15. 

To find the lom of a pmt P which mom so that its perpen' 
ditmlar distances from two given straight lines AB, CD a/re equal to 
one another. 



Let P be any point such that the perp. Pwf=the perp. PN, 

Join P to 0, the intersection of AB, CD. 

Then in the A* PMO, PNC, 

rthe L' PMO, PNC are right angles, 
because J the hypotenuse OP is common, 
land one side PM = one side PN j 

.'. the triangles are equal in all respects ; Theor. 18. 
so that the l POM = the l PON. 

Hence, if P lies within the l BOD, it must be on the bisector 
of that angle ; u 

and, if P is within the lAOD, it must be on the bisector of 
that angle. 

It follows that the required locus is ffie pair of lines vAUh Used 
the angles between ABard CD. 



WCh 
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INTERSECTION OF LOCI. 

The method of Loci may be used to find the position of a 
point which is subject to two conditions. For correspondinc 
to each condition there will be a locus on which the requirea 
point must lie. Hence all points which are common to these 
two loci, that is, all the points of intersection of th6 loci, will 
satisfy both the given conditions. 

Example 1 . To find a point equidistant firm three given points 
A, B, C, which are not in the same straight line. 

(i) The locus of points equidistant from 
A and B is tRe straight line PQ, which 
bisects AB at right angles. 

(ii) Similarly, the locus of points equi- 
distant from B and C is the straight line 
RS which bisects BO at right angles. 

Hence the point common to PQ and RS 
must satisfy both conditions : that is to 
say, X the point of intersection of PQ and 
RS will be equidistant from A, B, and 0. 



Example 2. To construct a triangle^ having given the base, the 
altitude^ and the length of the median which bisects the base. * 

Let AB be the given base, and P and 
Q the lengths of the altitude and median 
respectively. 

Then the triangle is known if its vertex 
is known. 

(i) Draw a straight line CD paftillel to 
AB, and at a distance from it equal to P : 
then the required vertex must lie on CD. 

(ii) Again, from 0 the middle point of P 

AB as centre, with radius equal to Q, Q 

describe a circle ; * 

then the required vertex must Ik on this circle. 

Hence any points which are common to CD and the circle, satisfy 
both the given conditions : that is to say, if CD intersect the circle in 
E, F, each of the points of intersection might be the vertex of the 
required triangle. This supposes the length of the median Q to be 
greater than the altitude. 

It may happen that the data of the problem are so related to one 
another that the resulting loci do not intersect. In this case the 
problem is impossible. 



A 0 B 
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Obs, In examples on the Intersection of Loci the student 
should make a point of investi^tine the relations which must 
exist among the data, in order that the problem may be 
possible ; and he must observe that if under certain relations 
two solutions are possible, and under other relations no solu- 
tion exists, there will always be some MetTnediate relation 
under whifh the two solutions combine in a single solution. 


EXAMPLES ON LOCI. 

1. Find the locus of a point which moves so that its distance 
(measured radially) from the circumference of a given circle is constant. 

2. A point P moves along a straight line RQ ; find the position in 
which it is equidistant from two given points A and B. 

3. A and B are two fixed points within a circle : find points on the 
circumference equidistant from A and B. How many such points are 
there ? 


4. A point P moves along a straight line RQ ; find the position in 
which it is equidistant from two given straight lines AB and CD. 

6. A and B are two fixed points 6 cm. apart. Find by the method 
of loci two points which are 4 cm. distant from A, and 5 cm. from B. 

6 AB and CD are two given straight lines. Find points 3 cm. 
distant from AB, and 4 cm. from CD. How many solutions are there ? 

7. A straight rod of given length slides between two straight 
rulers placed lat right angles to one another. 

Pl^ the locus of its middle point ; and shew that this locus is the 
fourth part of the circumference of a circle. [See Problem 10.] 

8. On a given base as hypotenuse right-angled triangles are described. 
Find the locus m thej| vertices. 

9. A is a fixed point, and the point X moves on a fixed straight 
line BC. 

Plot the locus ot P, the middle point of AX ; and tmve the locus to 
be a straight line i^rallel to BC. 

10. A is a fixed point, and the point X moves on the circumference 
of a given circle. 

Plot the locus of P, the middle point of AX ; and prove that this 
locus is a circle. [See Ex« 3, p. 64.} 
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11. AB is It given straight line, and AX is the wroendicular dra\ra 
from A to any straight line passing through B. If da revolve about B, 
fbd the locus of the middle point of AX. 

12. Two straight lines OX, OY cut at right angles, and from P , a 
point within the angle XOY, perpendiculars PM, PN are drawn to 
OX, OY respectively. Plot the locus of P when 

(i) PM + PN is constant (=6 cm., say) j 

(ii) PM - PN is constant (=3 cm., say). 

And in each case give a theoretical proof of the result you arrive at 
ezperitnentAlly. 

13. Two straight lines OX, OY intersect at right angles at 0 ; and 
from a movable point P perpendiculars PM, PN are drawn to OX, OY. 

Plot (without proof) the locus of P, when 

(i) PM=2PN; 

(ii) PM=3PN. 


14. Find a point which is at a given distance from a given point, 
and is equidistant from two given parallel straight lines. 

When does this problem admit ot two solutions, when of one only, 
and>when is it impossible? 

15, 8 is a fixed point 2 inches distant from a given straight 
line MX. Find two points which are 2| inches distant from 8, and 
also 2{ inches distant from MX. 


16. Find a series of points equidistant from a given point 8 and a 
given straight line MX. Draw a curve freehand passing through all 
the points so found. 

17. On a given base construct a triangle of given altitude, having 
its vertex on a given straight line. 


18, Find a point equidistant fram the three sides of a triangl||^ 

19. Two straight lines OX, OY cut at right andes ; tmd Q and R 
are points in OX and OY respectively. Plot the locus of the middle 

point of QR, when ^ 

(i) OQ+ OR = constant. 

(ii) OQ-ORssoonstant. 


20. 8 and 8' are two fixed points. Find a series of points P such 
that 

(i) 8P+8'P=constant {say 3*6 inch^). 

(ii) 8P - 8'P= constant (say 1 *5 inch). 

In each case draw a curve freehand passing through all the points 
so found. 
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ON THE CONCURRENCE OF STRAIGHT LINES IN A TRUNGLE 


I. The perpendiculars drawn to the ttides 
middle points are concurrent. 

Let ABC be a A, and X, Y, Z the middle 
points of its sides. 

From Z and Y draw perps. to AB, AC, 
meeting at 0. Join OX. 

It is required to prove thcU OX is perp. 

to BC. 

Join OA, OB, OC. 


of a triangle from theil 

A 



Proof. Because YO bisects AC at right angles, 

.*. it is the locus of points equidistant from A and C ; 
.*. OA=OC. 


Again, because. ZO bisects AB at right angles, 

.*. it is the locus of points equidistant from A and B ; 
.-. OA=OB. 


Hence OB = OC. 

0 is on the locus of points equidistant from B and C : 
that is, OX is perp. to BC. 

Hence the perpendiculars from the mid-points of the sides meet at O. 

Q.E.D. 


II. The bisectors of the angles of a triangle are concmrent. 


Let ABC be a A. Bisect the Z.”ABC, 
BCA by straight lines which meet at O. 

. Join AO. 

It is required to prove that AO bisects the 

ABAC. 

From 0 dr<lV7 OP, OQ, OR perp. to the 
sides of the A. 



Proof. Because BO bisects the L ABC, 

it is the locus of points equidistant from BA and BC ; 
OP=OR. 

Similarly CO is the locus of points equidistant from BC and CA ; 

^ /. op=:0(a. 

Hence 0R=0Q. 

/. 0 is on the locus of points equidistant from AB and AC ; 
that is, OA is the bisector of the L BAC. 

Hence the bisectors of the angles meet at 0. q.e.d. 
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III. The m€dia7i8 of a triangle are concurrent. 

Let ABC be a A. 

Let BY and CZ be two of its medians, and let 
them intersect at O. 

Join AO, 

and produce it to meet BC in X. 

It is required to shew that AX is the remaining 
median of the A. 

Through C draw CK parallel to BY ; 
produce AX to meet CK at K. 

Join BK. 

Proof. In the A AKC, 

because Y i^ the middle point of AC, and YO is parallel to CK, 

.*. 0 is the middle point of AK. Theor. 2‘2. 

Again in the A ABK, 

since Z and 0 are the middle points of AB, AK, 

ZO is parallel to BK^^ 
that is, OC is parallel to BK. 
the figure BKCO is a par“*. 

But the dii^onals of a par*" bisect one another ; 

X is the middle point of BC. 

That is, AX is a median of tlie A. 

Hence the three medians meet at the point 0. Q.E.D. 

Definition. The point of intersection of the medians is called the 
centroid of the triangle. 


Corollary, l^he three medians of a triangle cut one another a 
point of trisection^ the greater segment in each being towards the angular 
voint. 

For in the above figure it has been proved that 
AO = OK, 

also that OX is half of OK ; 

OX is half of OA : 
that is, OX is one third of AX. 

Similarly OY is one third of BY, 
and OZ is one third of CZ. Q.E.D. 

By means of this Corollary it may be shewn that in any triangle 
the shorter median bisects the greater side. 

Note. It will be proved hereafter that the perpendiculars drawn 
from the vertices of a triangle to the opposite sides are concurrent, 

H.s.a. G 
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MISCELLANEOUS PROBLEMS. 

{A theoretical proof is to be given in each case*) 

1. A is a given point, and BC a given straight line. From A draw 
a straight line to m|ike with BC an angle equal to a given angle X. 

How many such lines can be drawn? 

2. Draw the bisector of an angle AOB, without using the vertex 0 
in your construction. * 

3. P is a given point within the angle AOB. Draw through P a 
straight line terminated by OA and OB, and bisected at P. 

4. OA, OB, OC are three straight lines meeting at 0. Draw a 
transversal terminated by OA and Ou, and bisected by OB. 

5. Through a given point A draw a straight line so that the par 
Intercepted between tvro given parallels may be of given length. 

When does this problem admit of two solutions? When of only onet 
And when is it impossible ? » 

6. In a triangle ABC inscribe a rhombus having one of its angles 
coinciding with the angle A 

7. Use the properties of an equilateral triangle to trisect a given 
straight line: 


(Gonstruction of Triangles*) 

S* Construct a triangle, haviiig given 

(i) The middle points of the three sides. 

(ii) The lengths of two sides and of the median which bisects the 

third side. 

(iii) The lengths of one side and the medians which bisect the oihex 

two sides. 

(i\) The lengths of the three medians. 
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PART II. 

ON AREAS. 

Definitions. 

1. The altitude (or height) of a parallelogram with refer- 
ence to a given side as base, is the perpendicular distance 
between the base and the opposite side. 

2. The altitude (or height) of a triangle with reference to 
a given side as base, is the perpendicular distance of the 
opposite vertex# from the base. 

1 Note. It is clear that paroUldograms or triangles which are between 

same parallels have the same altitude. 

For let AP and DQ be the alti- 
tudes of the A* ABC, DEF, which 
are between the same parallels BF, 

GH. 

Then the fig. APQD is evidently 
a rectangle ; 

AP=DQ. B P C Q E P 

3. The area of a figure is the amount of surfacd contained 
within its bounding lines. 


4. A square inch is the area of a 
square drawn on a side one •inch in 
length. 


5. Similarly a square centimetre is the area of 
a square drawn on a side one centimetre in length. 

The terms sqmre yard, square foot, square rrutre are to be understood 
in the same sense.- 

6. Thus the unit of area is the area of a square on a side 
ofillhit length. 
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Theorem 2'3. 

Area of a rectangle. If the number of units in the length of a 
rectangle is multiplied by the number of units in its breadth^ the 
product gives the number of square units in the area. 


D C 



A B 


Let ABCD represent a rectangle whose length AB is 5 feet^ 
and whoso breadth AD is 4 feet. 

Divide AB into 5 equal parts, and BC into 4 equal parts, and 
through the points of division of each lino draw parallels to 
the other. 

The rectangle ABCD is now divided into compartments, 
each of which represents one square foot. 

Now there are 4 rows, each containing 5 squares, 
the rectangle contains 5x4 square feet. 

Similarly, if the length = a linear units, and the breadth = < 
linear units 

the rectangle contains ab units of area. 

And if each side of a square = a linear units, 
the square contains 9? units of area. 

These statements may be thus abridged : 

the area of a rectangle = length x breadth (i), 

the area of a square * (side)^ (ii). 

Q.E.D. 

Corollaries, (i) Rectangles which have equal lengths and 
equal breadths have equal areas. 

(ii) Rectangles which have equal areas and equal lengths have 
also equal breaths. 
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NOTATION. 

The rectangle ABCD is said to be contained by-AB, AO; for 
these adjacent sides fix its size and shape. 

A rectangle whose adjacent sides are AB, AD is denoted by 
recL ABj AD, or simply AB x AD. 

A square drawn on the side AB is denoted by sg. m AB, or AB^. 


EXERCISES. 

(On Tables of Length and Area.) 

1. Draw a figure to shew why 

(i) 1 sq. yard=3*6q. feet. 

(ii) 1 sq. foot =12-sq. inches. 

(iii) 1 sq. cm. = 10^ mm. 

2. Draw a figure to shew that the square on a straight line is four 
times the square on half the line. 

3. Use squared paper to shew that the square on I" =10- times the 
square on 0*1". 

4. If V represents 5 miles, what does an area of 6 square inches 
represent ? 


EXTENSION OF THEOREM 23 . 


The proof of Theorem 23 here given supposes that the length and 
breadth of the given rectangle are expressed by whole numbers ; but the 
formula holds good when the length and breadth are fractional. 

This may be illustrated thus : 

Suppose the length and breadth are 3*2 cm. and 2'4 cm.; we shall 
shew that the area is (3*2 x 2*4) sq. cm. 

For length = 3 ’2 cm. = 32 mm. 

breadth =2*4 cm. =24 mm. 


area= 


> ojN 32x24 

8x24) sq. mm.=-fjg-aq 


cm. 


1CF“ 

=:(3‘2x2'4)8q. om« 
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BXERCISSi; 

(On file Area of a Rectangle.) 

^Draw on squared paper the rectangles of which the length (a) and 
breadth ( 6 ) are given below. Calculate the areas, and verify by the 
actual counting of squares. 

I. a=2", 6=r. 2. a=l-5r, 6=4^ 

3. a«0*8", 6-3*5^ 4. a=2-5^ 6=1*4". 

5. a=2*2", 6=1*5". 6 . a= 1 * 6 ", 6=2*1'. 

Calculate the areas of the rectangles in which 

7 . 0=18 metres, 6=11 metres. 8 . a = 7 ft., 6=72 in. 

9. 0 = 2*6 km., 6=4 metres. 10. a=J mile, 6=1 inch. 

II . The area of a rectangle is 30 sq. cm., and its length is 6 cm. 
Find the breadth. Draw the rectangle on squared paper ; and verify 
your work by counting the squares. 

12. Find the length of a rectangle whose area is 3 ’9 sq. in., and 
breadth 1*5". Draw the rectangle on squared paper; and verify your 
work by counting the squares. 

13. (i) When you treble the length of a rectangle without altering 
its breadth, how many times do you multiply the area ? 

(ii) When you treble both length and breadth, how many times do 
you multiply the area ? 

Draw a figure to illustrate your ans\^ers ; and state a general rule. 

14. In a plan of a rectangular garden the length and breadth 
are 3 * 6 " and 2*5'', one inch standing for 10 yards. Find the area of the 
garden. 

If the area is increased by 300 sq. yds., the breadth remaining the 
same, what will the new length be ? And how many inches will repre- 
sent it on your plan ? 

15. Find the area of a rectangular enclosure of which a plan 
(scale 1 cm. to 20 metres) measures 6*6 cm, by 4*5 cm. 

16. The area ol a rectangle Is 1440 sq. yds. If in a plan the sides 
of the rectangle are 3*2 cm. and 4*5 cm., on what scale is the plan 
drawn? 

17. The area of a rectangular field is 62000 sq. ft. On a plan of 
this, drawn to the scale of 1" to 100 ft., the length is 3*26". What is 
the breadth ? 
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Theorem 24. [Euclid 1. 35.] 

Parallelograms on the. same hose and between the same •parallels 
are equal in area. 



Let the par““ ABCD, EBCF be on the same base BC, and 
between the same par" BC, AF. 

It is required to prove that 

the par”^ ABCD = the par^ EBCF in area. 

Proof. In the A* FDC, EAB, 

[ DC = the opp. side AB; Theor. 21. 

because < the ext. l FDC = the int. opp. l EAB ; Theor. 14. 

[the int. z.DFC==the ext. Z.AEB; 

.*. the A FDC -the A EAB. Theor. 17. 

Now, if from the whole fig. ABCF the A FDC is taken, the 
remainder is the par™ ABCD. 

And if from the whole fig. ABCF the A EAB is taken, the 
Itemainder is the par™ EBCF. 

.*. these remainders are equal; 
that is, the par™ ABCD - the par™ EBCF. Q.E.D. 


EXERCISE. 

In the above diagram the sides AD, EF overlap. Draw diagrams in 
which (i) these sides do not overlap ; (ii) the ends E and D coincide. 

Go through the proof with these diagrams, and ascertain if it applies 
feo them without change. 
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The Area of a Parallelogram. 

Let ABCD be a parallelogram, 
and ABEF the rectangle on the 
same base AB and of the same 
altitude BE. Then by Theorem 24, 

area of par"^ ABCD = area of rect. ABEF 
= ABxBE 
= base X aliitvde. 

Corollary. Since the area of a parallelogram depends 
only on its base and altitude, it follows that 

Parallelograms on equal bases and of equal altitudes are equal 
in area. 



exercises. 

{Numerical and Oraphical.) 

1. Find the area of parallelograms in which 

(i) the base =5 *5 cm., and the height =4 cm. 

(ii) tlie base =2 ’4", and the heights I ’S". 

2. Draw a parallelogram ABCD having given AB=2i'\ AD = 1^, 
and the A A =65''. Draw and measure the perpend icular^^from D on AB, 
and hence calculate the approxiihate area. Why approxirmte’t 

Again calculate the area from the length of AD and the perpendicular 
on it from B. Obtain the average of the two results. 

3. Two adjacent sides of a parallelogram are 30 metres and 25 metres, 
and the included angle is 60°. Draw a plan, 1 cm. representing 
6 metres ; and by measuring each altitude, make two independent 
calculations of the area. Give the average result. 

4. The area of a parallelogram ABCD is 4*2 sq. in., and the base 
AB is 2-8^. Find the height. If AD =2", draw the parallelogram. 

6. Fetch side of a rhombus is 2^', and its area is 3*86 sq. in. Calculate 
an altitude. Hence draw the rhombus, and measure o^e of its acute 
angles. 
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Theorem 25. 

The Area of a Triangle. The area of a triangle is half the area 
of the rectcmgle m the same hose and having the same cdtitnde. 




Let ABC be a triaijgle, and BDEC a rectangle on the same 
base BC and with the same altitude AF. 

It is required to prove that the^ kBO is half the rectangle BDEC. 

Proof. Since AF is perp. to BC, each of the figures DF, EF 
is a rectangle. 

Because the diagonal AB bisects the rectangle DF, 
the A ABF is half the rectangle DF. 

Similarly, the A AFC is half the rectangle FE. 

adding th#se results in Fig. 1, and taking the difference in 
Fig. 2, 

the A ABC is half the rectangle BDEC. 

Q.H.D. 


Corollary. A triangle is half any parallelogram on the same 
base and between the same parallels. 

For the A ABC is half the rect. 6CED. 

And the rect. BCED~any par® BCHQ 
on the same base and between the same 

par^“. 

the A Alte is half the par® BCHQ. 
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THE AREA OF A TRIANGLE. 

K BC and AF respectively contain a units and p units of 
length, the rectangle BDEC contains ap units of area. 

the area of the A ABC = ^ op units of area. 

This result may be stated thus : 

Area of a Triangle = | . hose x altitude. 


EXERCISES ON THE AREA OF A TRIANGLE. 

[Numerical and Oraphical.) 

Calculate the areas of the triangles in which 

(i) the base =24 ft., the height =15 ft. 

(ii) the base =4 ’8", the height =3*^. 

(iii) the base = 160 metres, the height =125 metres. 

2. Draw triangles from the following data. In each case draw and 
measure the altitude with reference to a given side as base : hence cab 
culate the approximate area. 

(i) a=8*4cm., 6=6*8 cm., c=4*0cm. 

(ii) 6 = 6*0 cm,, c =6*8 cm., A=65^ 

(iii) a=6*5cm., 8=52% C=76^ 

3. ABC is a triangle right-angled at C ; shew that its area = J BC x CA. 

Given a = 6 cm., 6 = 5 cm., calculate the area. 

Draw the triangle and measure the hypotenuse c ; draw and measure 
the perpendicular from C on tj^e hypotenuse; hence calculate the 
approximate area. 

Note the error in your approximate result, and express it as a per- 
centage of the true value. 

4. Repeat the whole process of the last question for a right-angled 
triangle ABC, in which a =2*8'' and 6=4*5''; C being the nght angle 
as before. 

5. In a triangle, given 

(i) Area =80 sq. in., ba8e=l ft. 8 in.; calculate the altitude. 

(ii) Area=10*4 sq, cm., altitude =1*6 cm.; calculate the base. . 

* 

6. Construct a triangle ABC, having given a = 3 (r, 6 = 2*8*', c = 2*6*. 
Draw and measure the perpendicular from A on BC ; hence calculate 
the approximate area. 
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Theorem 26. [Euclid 1. 37.] 

Triangles on the same base and between the same parallels 
(hence, of the same altitude) are equal in 
area. 

Let the a' ABC, GBC be on the 
same base BC and between the same 
par^ BC, AG. 

It is required to prove that 
the A ABC = the A GBC in area. 



Proof. If BCED is the rectangle on the base BC, and 
between the same parallels as the given triangles, 

the A ABC is half the rect. BCED ; The&r, 25. 
also the A GBC is half the rect. BCED ; 

. .;. the A ABC = the a GBC. Q.E.D. 


Similarly, triangles on equal bases and of equal altitudes are 
equal in area. 


Theorem 27. [Euclid 1. 39.] 

If two triangles are eqml in area, and stand on the same base 
and on the same side of it, they are between the same parallels. 

Let the A" ABC, GBC, standing on 
the same base BC, be equal in^area; 
and let AF and GH be their altitudes. 

It is required to prove that AG and 
BC are par^. 

Proof, The a ABC is half the rectangle contained by BC 
and AF; 

and the A GBC is half the rectangle contained by BC 
and GH; 

the rect. BC, AF^the rect. BC, GH ; 

.'. AF = GH. Theor, 23, Cor, 2, 

Also AF and QH are par* ; 
hence AG and FH, that is BC, are par*. Q.E.P. 
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EXERCISES ON THE AREA OF A TRIANGLE. 

{Theoretical.) 

1. ABC is a triangle and XY is drawn parallel to the base BC, 
cutting the other sides at X and Y. Join BY and CX ; and shew that 

(i) the AXBC=the AYBC; 

(ii) the ABXY=:the ACXY; 

(iii) the AABY=the AACX. 

If BY and CX cut at K, shew that 

(iv) the ZABKX=the A CKY. 

2. Shew that a median of a triangle divides it into tw'o parts of 

equal area. , 

How woul(! you divide a triangl^ into three equal parts by straight 
lines drawn from its vertex ? 

3. Prove that a parallelogram is divided by its diagonals into four 
triangles of e<p|tl area. 

4. ABC is a triangle whose base BC is bisected at X. * If Y is any 
point in the median AX, shew that 

the A ABY=the A ACY in area. 

5. ABCD is a parallelo^am, and BP, DQ are the perpendiculars 
from B and D on the diagonal AC. 

Shew that BP=DQ. 

Hence if X is any point in AC, or AC produced, 

prove (i) the A ADX = the A ABX ; 

(ii) the ACDX=thc ACBX, 

6. Prove by means of Theorems 26 and 27 that the straight line 
joining the middle poinls of two siBes of a triangle is parallel to the third 
side. 

7. The straight line which joins the middle points of the oblique 
aides of a trapezium is parallel to each of the parallel sides. 

8. ABCD is a parallelogram, and X, Y are the middle points of the 
sides AD, BC ; if 2 is any point in XY, or XY produced, shew that the 
triangle AZB is one quarter of the parallelogram ABCD. 

9. If ABCD is a parallelogram, and X, Y anv points in DC and AD 
respectively : shew that the triangles AXB, BYC are equal in area. 

10. ABCD is a parallelogram, and P is any point within it ; shew 
that the sum of the triangles PAB, PCD is equal to half the parallela 
gram. 
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GEOMETRY. 


EXERCISES ON THE AREA OF A TRIANGLE. 

{Nvmerkal and Ora/phical,) 

1. The sides of a triangular field are 370 yds., 200 yds., and 190 
yds. Draw a plan (scale 1" to 100 yards). Draw and measure an 
altitude ; hence calculate the approximate area of the field in square 
yards. 

2. Two sides of a triangular enclosure are 124 metres and 144 
metres respectively, and the included %ngle is observfed to be 46®. 
Draw a plan (scale 1 cm. to 20 metres). Make any necessary measure- 
ment, and calculate the approximate area. 

3. In a triangle ABC, given that the area =6*6 sq. cm., and the base 
BC=6;6 cm., find the altitude. Hence determine the locus of the 
vertex A. ^ 

If in addition to the above da4j|, BA =2*6 cm., construct the tri- 
angle I and measure CA. 

4. In a triangle ABC, given area =3 *06 sq. in., and a =3*0^. Find 
the altitude, and the locus of A. Given C=68®, constnjpthe triangle ,* 
and measure &• 

5. ABC is a triangle in which BC, BA have constant lengths 6 cm. 
and 6 cm. If BC is fixed, and BA revolv^bout B, trace the changes 
in the area of the triangle as the angle ^increases from 0® to 180®. 

Answer this question W drawing a series of triangles, increasing 
B by increments of 30®. Find the area in each case and tabulate the 
results. 


(Thearetical.) 

6. If two triangles have two sides of one respectively equal to two 
sides of the other, and the angles contained by those sides supple- 
mentary^ shew that the triangles are oqual in area. Can such triangles 
ever be identically equal ? 

7. Shew how to draw on the base of a J^ven triangle an isosceles 
triangle of equal area. 

8. If the middle points of the sides of a quadrilateral are joined in 
order, prove that the parallelogram so formed [see Ex. 7, p. 64], is half 
the qu^rilateral. 

9. ABO is a triangle, and R, Q the middle points of the sides 
AB, AC ; shew that if BQ and CR intersect in X, the triangle BXC 
is equal to the quadrilateral AQXR. 

10. Two triangles of equal area stand on the same base but on 

opposite sides of it: she^ that the straight line joining their vertices 
is bisected by the base, or by the base pr^uced, ^ 



THE AREA OF A TRIANGLE. 


Ill 


[The method given below may be omitted fr^m a first course. 
any case it taust be postponed till Theorem 29 has been read.] 

Tho Area of a Triangle. Gmn the three sides of a triangle^ 
to calculate the area. 

Example. Find the area of a triangle whose sides measure 21 m., 
17 m., and 10 m. 

Let ABC represent the given 
triangle. 

Draw AD ^erp. to BC, and 
denote AD by 

We shall first find the length 
of BD. 

Let m) =r metres ; then DC 
=21 -a? metres. 

From the right-angled A ADB, 
we have by Theorem 29 

# AD«=AB2-BD2=103-a:a. 

And from the right-angled A ADC, 

AD2= AC^ - DC*= 17» - {21 ~ x )^ ; 

or 100 - 0^^289 -441 + 42a? 

whence 07=6. 

Again, AD^= AB- - BD® ; 

or p2=10®-6®=64; 

jp=8. 

Now Area of triangle^ hose x cUtitude 

= (ix21 x8) sq. ra. =84 sq. m. 



EXERCISES. 


Find by the above method the area of the triangles, whose sides 
are as follows ; 

1. 20 ft., 13 ft., 11 ft. 2. 16 yds., 14 yds., 13 yds. 

3. 21 m., 20 m., 13 m. 4. 30 cm., 26 cm., 11 cm. 

6. 37 ft., 30 ft.. 13 ft. 6. 31 m., 37 m., 20, m. 
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GEX)!OrrRY. 


THE AREA OF QUADRILATERAIA 


Theorem 28 . 

To find^ the area of (i) a trapezium. 

(ii) any quadrUaieral. 

(i) Let ABCD be a trapezidm, having 
the sides AB, CD parallel. Join BD, 
and from C and D draw perpendiculars 
CF, DE to AB. 

Let the parallel sides AB, CD measure 
a and b units of length, and let the a 
height CF contain h units. 

Then the area of ABCD A ABD + A DBG 

-gAB.DE + ioC.CF 

That is, 

the area of a trapezium =» ^ height x {fhe sum of the parallel sides). 



(ii) Let ABCD bo any quadrilateral. C 

Draw a diagonal AC ; and from B 
and D draw perpendiculars BX, DY to 
AC. These j^rpendiculars are called 
offsets. H 

If AC contains d ifhits of length, and 
BX, DY p and q units respectively, 

the area of the quad* ABCD =» a ABC + A ADC 



That is to say, 


-iAC.BX + ^AC.DY 
= ldj} + ^dq^^d(p + q). 


the area of a quadrilateral = i diagonal x {sum of offsets). 



EXERCISES ON QUADRILATERALS. 
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EXERCISES. 


{NumericaX and Oraphical , ) 


1. Find the area of the trapezium in which the two parallel side® 
are 4*7" and 3*3", and the height 1’5". 


A 

2. In a quadrilateral ABCD, the diagonal AC = 17 feet; and the 
offsets from it to B and D are 11 feet and 9 feet. Find the ar^a. 


3. In a plan ABCD of a quadrilateral enclosure, the diagonal AC 
measures 8*2 cm., and the offsets from it to B and D are 3*4 cm. and 
2*6 cm. respectively. If 1 cm. in the plan represents 5 metres, find 
the area of the enclosure. 


4. Dra% a •quadrilateral ABCD from the ad- 
joining rough plan, the dimensions being given in 
inches. 

Draw and measure the offsets to A and C from 
the diagonal BD ; and hence calculate the area of 
the quadrilateral. 



5. Draw a quadrilateral ABCD from the 
details given in the adjoining plan. The 
dimensions are to be in centimetres. 

* Make any necessary measurements of your 
figure, and calculate its area. 




6. Draw a trapezium ABCD from the following data ; AB and CD 
are the parallel sides. AB = 4"; AI3 = BC=2"; the AA=the A 8= 60®. 

Make any necessary me^urements, and calculate the area. 

7. Draw a trapezium Mk)D in which AB and CD are the parallel 
sides ; and AB=9 cm., CD=3 cm., and AD = BC=6 cm. 

Make any necessary measurement, and calculate the area. 


8. From the formula orea of qvad^=i dktrj, x {sum of offsets) shew 
that, if the diagonals are ai right angles^ 

area=J (product of diagonals). 

9. Given the lengths of the diagoxials of a quadrilateral, and the 
angle between them, prove that the area is the same wherever they 
intersect. 


H.S.G. , 
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THE AREA OF ANY |tECTILINEAL FIGURE. 


1 Method. A rectilineal figure 
maybe divided into triangles whose 
areas can be separately calculated 
from ^yj^ble measurements. The 
sum o^ffiese areas will be the area 
of the .^ven figure. 

Example, The measurements re> 
•quired to find the area of the figure 
ABODE are AC, AD, and the offsets BX, 
OY, EZ, 


D 



2“^ Method. The area of a rectilineal figure is also found 
by taking a base-line (AD in the diagram below) and Gfisets 
from it. These divide the figure into righi’angled triangles 
and right-angled trapeziums,, whose areas may be found after 
measuring the oflTsets and the various sections of the base-line. 


Example. Find the area of the enclosure ABODE F from the plan 
and measurements tabulated below. 


Yards. 



AD =66 

VC=12 

AV=60 

AZ=40 

YB=20 

ii li 

O OO 


ZE=.18 
XF = 16 


The measurements are made from 
A along the base line to the points 
from which the ofisets spring. 



Here AAXF=J.AXxXF 
AAYB=sJ.AYxYB 
: ADZE«J.DZxZE 
ADVC=J.DVxVC 


8q, yds. Sq. yds. 


=4x10x16= 
=4x18x20= 
=4x16x18= 
e4x 6x12= 


76 

180 

144 

36 

406 


trap« XFEZ=4 . XZ x (XF + ZE) =4 X 30 X 33= 
trap«YBCV=4. YVx(YB+VC)=4 x 32 x 32= m 

A , by addition, the fig. ABODEF = 1442 sq. yds. 
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E^SRCISSS OH RECTILINBAL HGURES 


BXXRCISBS. 

i 

1. CaloulaU the areas of the figures (i) and (il) from the plans and 
dimensions (in ems.) given below. 



A 6 A X B 


AC~6 oiSim AD=s5 cm. AB:tt6DsDA=6 cm. 

Lengths of offsets figured EY =bCZ =* 1 cm. 

in diagram. DX=5‘2cm. 


2. Draw full size the figures whose plans and dimension^ are given 
below ; and calculate the area in each case. 



The fig. is equilateral ; AX=ir, XY =2f", 

each side to be 2J". YB= 1 J". 


3. Find the area of theJjjmre ABCDEF from the following measure 
ments and draw a plan in iW^h 1 cm. represents 20 metres. 


Tbs Flam* 



A 
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EXERCISES ON QtJADEIUTERALS. 

(Theoretical,) 

1. ABCD is a rectangle, and PQR8 the figure formed by joining in 
order the middle points of the sides. 

Prove (i) that PQR8 is a rhombus ; 

* (ii) that the area of PQR8 is half that of ABCD. 

Hence shew that the area of a rhombus is half the product of its 
diagonals. 

Is tl;|iB true of any quadrilateral whose diagonals cut at right angles r 
Illustrate your answer by a diagram. 

2. Prove that a parallelogram is bisected by any straight line which 
passes through the middle point of one of its diagonals. 

Hence shew how a parallelogram ABCD may be bisected by a 
straight line drawn 

(i) through a given point P ; 

(ii) perpendicular to the side AB ; 

(iii) parallel to a given line QR. 

3. In the trapezium ABCD, AB is parallel to DC ; and X is the 
middle point of BC. Through X drawPQ parallel to AD to meet AB 
and DC produced at P and Q. Then prove 

(i) trapezium ABCD = par® APQD. 

(ii) trapezium ABCD = twice the AAXD. 


(Graphical.) 

4. The diagonals of a quadrilateral ABCD cut at right angles, and 
measure 3*0" and 2*2^ respectively. Find the area. 

Shew by a figure that the area is the Arne wherever the diagonals 
cut, so long as they are at right angles'. 

5. In the parallelogram ABCD, AB = 8 *0 cm. , AD = 3 '2 cm. , and the 
perpendicular distance between AB and DC =3*0 cm. Draw the par- 
ulelogram. Calculate the distance between AD and BC; and check 
your result by measurement. 

6. One side of a parallelo^am is 2*5^ and its diagonals are 3*4^ 
and 2*4". Construct the parallelogram ; and, after making any neces- 
sary measurement, calculate the area. 

7. ABCD is a parallelogram on a fixed base AB and of constant 
area. Find the locus of the intersection of its diagonals. 



EXPERIMENTAL EXERCISES. 
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EXERCISES LEADING TO THEOREM 29. 


In the adjoining diagram, ABC is a triangle 
right-angled at C ; and squares are drawn on ^e 
three sides. Let us compare the area of the square 
on the hypotenuse AB with the min of the squares 
on the sides AC, CB which contain the right angle. 



1. Draw the above diagram, making AC =3 cm., and BC=#om.; 

Then the area of the square on AC = 3®, or 9 sq. cm."! 
and the square on BC=4’*, or 16 sq. cm./ 

the sum of the squares on AC, BC= * 25 sq. cm. 

Now meamre AB ; hence calculate the area of the square on AB, and 
compare the result with the mm already obtained. 

2. Repeat the process of the last exercise, making AC = l’(r, and 
BC=2*4". 


3. If a= 16, 6=8, c= 17, shew arithmetically that c*=a‘‘‘+ 6®. 

Now draw on squared paper a triangle ABC, whose sides a, 6, and c 
are 15, 8, and 17 units of length ; and measure the angle ACB. 


4. Take any triangle ABC, right- 
angled at C ; and draw squares on AC, 
CB, and on the hypotenuse AB. 

Through the mid-point of the square 
on CB {i.e, the intersection of the dia- 
gonals) draw lines parallel and perpen- 
dicular to the hypotenuse, Thus dividing 
the square into four congrumt quadri- 
laterals. These, together with the square 
on AC, will be found exactly to 6t into 
the square on AB, in the way indicated 
by corresponding numbers. 



These experiments point to the conclusion that : 

In any righUangled triangle the square on the hypotenuse is eguat 
to the sum of the squares on the other two sides, 

A formal proof of this theorem is given on the next page. 
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Theorem 29. [Euclid 1. 47.1 

In a right-angled triangle the smare described on the hypotenuse 
is equal to the sum of the sgmres described on the other two sides. 



Let ABC be a right-angled a, having the angle ACB a rt. u 

It is required to prove that the square on the hypotenuse AB = the 
mm of the squares on AC, CB. 

On AB describe the sq. AOEB ; tjpd on AC, CB describe the 
eqq. ACQF, CBKH. 

Through C draw CL pari to AD or BE. 

Join CD, FB. 

Proof. Because each of the t*ACB,,^CQ is a rt. ^ 

BC and CQ are in the ^me at. line. 

Now the rt L BAD«t1Se rt. l FAC; 
add to eadi the l CAB : 
then the whole t CAD » the whole l FAB. 

Thenin the A*CAD, FAB, 

r OA«FA, 

because-^ AD«Ate, 

land the included l CAD » the included L FAb ; 

the A CAP « the A FAB. Theor. ^ 



THBORBM OF PYTHAGORAS. IIS' 

Now th# rect. AL is double of the a CAD, being ‘on the 
same base AD, and between the same par'* AD, CL 

And tho sq. QA is double of the a FAB, being on the same 
base FA, and between the same par'* FA, QB. 

the rect. AL» the sq. QA. 

Similarly by joining CE, AK, it can be shewn that 
the rect. BL^the sq. HB. 
the whole sq. AE = the sum of the sqq. QA, HB : 

that is, the square on the hypotenuse AB»the sum of the 
squares on the two sides AC, CB. ♦ 


Obs. This is known as the Theorem of Pythagoras. The 
result established may be stated as follows : 

AB2«BC2 + CA5^. 

That is, if a and b denote the lengths of the sides containing 
the right angle ; and if c denotes the hypotenuse, 

Hence 


Note 1. The following important results should be noticed. 

If CL^and AB intersect in 0, it has been shewn in the course of the 
proof that 

the sq. GA=:the rect! AL ; 

that is, AC*=the rect. contained by AB, AO 

Also the sq. HB^the rect. BL j 

that is, BC^=th6 rect, contained by BA, BO (iiy 

Note 2. It can be proved by superposition that equcvret Ua/nding 
tqwd iides are eqmi in area. 

Hence we conclude, conversely, 

1/ two equate are eqnai in area (key stand on equal sides. 
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EXPERIMENTAL PROOFS OF 'PYTHAGORASES THEOREM. 


I. Here ABC is the given 
i*t.>angled A ; and ABbD is 
the square on the hypotenuse 
AB. 

By drawing lines par' to the 
sides BOf CA, it is easily seen 
that the sq. BD is divided 
into 4 rt. -angled A*, each 
identically equal to ABC, to- 
gether with a central square. 

Hence 

|q. on hypotenuse c=4rt. A* 
•f the central square 
=4.iah4-(a~6)* 
s=2ah+a**-2a6+6* 
=a*+6» 



n. Here ABC is the given 
rt.-ansied A, and the dgs. 
« OF, HK are the sqq. on CB, 
CA placed side by side.' 

FE is made equal to DH 
or CA ; and the two sqq. 
CF, HK are cut along the 
Hues BE, ED. 

Then it will be found that 
the A DHE may be placed 
* so as to fill up the space ACB ; 
and the A Br E may be made 
to fill the space AKu. 

Hence the two sqq. CF, 
HK may be fitted together 
to as to form the single fig. 
ABEO^ which will be found 
to be a perfect square, namely 
the square on the hypotenuse 




THEOREM OF PYTHAGORAS. 
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EXERCISES. 

{Numericod and Graphical) 

) 

Draw A triangle ABC» right-angled at C, having given : 

(i) a=3cm., 6=4 cm. ; 

(ii) a=:2‘5 cm., 6=6*0 cm. ; 

(iu) a=l*2'', 6=3*5". 

In each case calculate the length of the hypotenuse c, and verify 
ydur result by measurement. 

2. Draw a triangle ABC, right-angled at C having given : 

(i) c=3*4", a=3 0"; [See Problem 10] 

^ii) c=6*3 cm., 6=4*5 cm. 

In each case calculate the remaining side, and verify your result by 
measurement. 

[The following examples are to he solved hy calcvlation; hut in cac6 
case a plan shoidd he dmivn on some suitable scale^ and the calculated 
res/ult verified hy measurement . ) 

3. A ladder whose foot is 0 feet from the front of a house reaches 
to a window-sill 40 feet above the ground. What is the length of the 
ladder ? 

4. A ship sails 33 miles due South, and then 66 miles due West 
How far is it then from its starting point ? 

5. Two ships are observed from a signal station to bear respectively 
N.E. 6*0 kra. distant, and N.W^ 1*1 km. distant. How far arc they 
apart? 

6. A ladder 65 feet long reacHfes to a point in the face of a house . 
63 feet above the ground. How far is the foot from the house ? 

7. B is due East of A, but at an unknown distance. C is due South 
of B, and distant 66 metres. AC is known to be 73 metres. Find AB. 

8. A man travels 27 miles due South; then 24 miles due West; 
dually 20 miles due North. How far is he from his starting point ? 

9. From A go West 26 metres, then North 60 metres, then East 
80 metres, finally South 12 metres. How far are you then from A? 

10. A ladder 60 feet long is placed so as to reach a window 48 feet 
high ; and on turning the ladder over to the other side of the Btreet, it 
reaches a point 14 feet high. Find the breadth of the street. 
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Theorem 30. JpEuclid I. 48.] 


If the square described on (me side of a triangle is equal to the 
mn of the squares described on the other two Mes^ th^ the angle 
contained by these two sides is a right angle. 



Let ABC be a triangle in which 

the sq. on AB=*the sum of the sqq. on BC, CA. 

It is required to prove that ACB is a right angle. 

Make EF equal to BC. 

Draw FD perp" to EF, and make FD equal to CA. 

Join ED. 

Proof. Because EF = BC, 

the sq. on EF = the sq. on BC. 

And because FD = CA, 

.% the sq. on FD = the sq. on CA. 

Hence the sum of the sqq. on EF, FD = the sum of the sqq. 
on BC, CA. 

But since EFD is a rt. l, 

the sum of the sqq. on EF, FD = the sq. on DE : Theor, 29. 
And, by hypothesis, the 6qq.‘'on BC, CA = the sq. on AB. 

.’. the sq. on DE = the sq. on AB. 

.-. DE*AB. 

Then in the a*ACB, DFE, 
r ACli.DF, 
because I CB=^FE, 
landAB«DE; 

theLACB«.theiLDFE. Theor. 1 
But, by construction, dFE is a right angle ; 
the lACB is a right angle. 


Q.E.D. 
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■ EXERCISES ON THEOREMS 29, 30. 

( Theortlicai . ) 

1. Shew^that the square on the diagonal of a given square is double 
of the given square. 

2. In thh AABC, AD is drawn perpendicular to the base BC. If 
the side c is greater than h, 

shew that - 6® = B D® - DC®. 

3. If from any point 0 within a triangle ABC, perpendiculars OX, 
OY, OZ are drawn to BC, CA, AB respectively : shew, that 

AZ2+ BX2+CY2=:AY®+CX®+BZ®. 

4. ABC is a triangle right-angled at A ; and the sides AB, AC are 
intersected by^ straight line PQ, and BQ, PC are joined. Provo that 

BQ2+PC2=BC®+PQ®. 

5. In a right-angled triangle four times the su|p of the squares on 
the medians drawn from the acute aggies is equal to five times the 
square on the hypotenuse. 

6. Describe a square equal to the sum of two given squares. 

7. Describe a square equal to the difference between two given 
squares. 

Divide a straight line into two parts so that the square oif one 
part may be twice the square on the other. 

9. Divide a straight line into two parts such that the sum of their 
squares shall be equal to a given square. 


(NumericoU and Qra/phical,) 

10. Determine which of the following triangles are right-angled : 

(i) a ==14 cm., b=48cm., c= 60 cm.; 

(ii) a=s40cm., 6=10 cm., c= 41cm.; 

(iii) a=20cm., 6=99 cm., c=l01cm. 

11. ABC is an isosceles, triangle right-angled at C; deduce from 
Theorem 29 that 

AB®=2AC*. . ^ 

Illustrate this result graphically by drawing both diagonals of the 
8quai*e on AB, and one diagonal of the square on AC. 

If AC=BC=2^, find AB td the nearest hundredth of an inch, and 
verify your calculation by ewjtual construction and measurement. 

12. Draw a sqiiare on a*^ diagonal of 6 cm. Calculate, and also 
vnAfuinrA. thA lencTM of a side. Find the area* 
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Problem 16. 

To draw squares whose areas shall be respectively twice^ three-times^ 
four-times^ ..., that of a given square. 

Hence find graphically appronmate values of s/2, s/S, n/4, n/s, .... 

Y 

Take OX, OY at right angles ^ 
to one another, and from them 
mark off OA, OP, each one 
unit of length. Join PA. 

O A B C X 

Then PA2 = OP2 + OA2=l + l = 2. 

PA = n/2. 

^ From OX mark off OB equal to PA, and join PB ; 

then PB2 = Op24-OB‘^=l + 2 = 3. 

PB = n/3. 

From OX mark off 00 equal to PB, and join PC ; 
then PC2 = 0P2 + OC^ = 1 + 3 = 4. 

.\ PC = n/4. 

The lengths of PA, PB, PC may now be found by measurement; 
and by continuing the process we may find Jb, ^6, \/7, .... 



exercises on theorems 29, 30 {Continued). 

13. Prove the following formula : 

Diagonal of square = side x sH, 

Hence find to the nearest centimetre the diagonal of a square on a 
side of 50 metres. , 

Draw a plan (scale 1 cm. to 10 metres) and obtain the result as 
nearly as you can by measurement. 

14. ABC is an equilateral triangle of which each side = 2m units, 
and the perpendicular from any vertex to the opposite side=rp. 

Prove that p=m\/3. 

Test this result graphically, when each side =8 cm. 



THEOREM OF PYTHAGORAS. 
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16. If in a triangle a-m* - n^, &=2»in, es=m*+n* ; prove algebraic* 
ally that c**a*+6*. 

Hence by giving various numerical values to m and n, find sets oi 
numbers re^sentmg the sides of right-angled triangles. 

16. In a triangle ABC, AD is drawn perpendicular to BC. Let p 
denote the length of AD. 

(i) If a=26 cm., p=12 cm., BD=9 cm.; find 6 and c. 

(ii) n 6=41", «=50", BD=30"; find p and a. 

And prove that 

17. In the triangle ABC, AD is drawn perpendicular to BC. 
Prove that 

, (!>-BD*=5«-CD» 

If a=61 cnf, 6=20 cm., c=37 cm.; find BD. 

Thence find p, the length of AD, and the area of the triangle ABC. 

18. Find by the method of the last example the areas of the triangles 
whose sides are as follows ; 

(i) a=17", 6=10', c=9". (ii) a=2.') ft., 6=17 ft., c=12 ft. 

(iii) (i=41cm.,6=28cm., c=16cm. (iv) a=40yd.,6=.37yd., c=13yd. 

19. A straight rod PQ slides between two straight rulers OX, OY 
placed at right ancles to one another. Li one ^sition of the rod 
OP=.V6 cm., and OQ=3'3 cm. If in another position OP=4‘0 cm., 
find OQ graphically; and test the accuracy of your drawing by 
calculation. 

20. ABC is a triangle right-angled at C, and p is the length of the 
perpendicular from C on AB. By expressing the area of the triangle is 
two ways, shew that 

pe=ab. 

'i-V. 

p‘"o,2+6» 


Hence deduce 
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PKOBLEMS ON AEEAS. 

Problem 17 . 

To describe a pcmUehgram equal to a given Mangle, and having 
VM of Us angles equal to a given angle. 



Let ABC be the given triangle, and D the given angle. 

It is required to describe a parallelogram equal to ABC, and 
having one of Us angles equal to D. 

OoBStnictlon. Bisect BC at E. 

At E in CE, make the lCEF equal to D ; 
through A ^aw AFQ par' to BC ; 
and through' C draw CG {tar* to EF. 

Then FECG is the required par”. 

Proof. Join^AE. 

Now the A* ABE, AEC are on equal bases BE, EC, and of 
the same altitude ; 

.'. the A ABE = the A AEC. 

.'. the A ABC is double of the^ A AEC. 

Blit FECG is a par” by construction ; 
and it is double of the A AE9, 

being on the same base EC, and between the same par" EC 
and AG. 

.'. the par” FECG = the A ABO ; 
and one of its angles, naiqely CEF, » the given L C. 
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EXERCISES. 

(Grapkkai.) 

1. Draw a square on a side of 5 cm., and make a jparallelo^m of 
equal area on the same base, and having an angle of 45 . 

Find (i) by calculation, (ii) by measurement the length of an oblique 
side of the parallelogram. 

2. Draw any parallelogram ABCD in which AO = 24 '' and AD =2^; 
and on the base AB draw a rhombus of equal area. 


Definition. In a parallelogram 
ABCD, if through any point K in the 
diagonal AC parallels EF, HQ arc drawn 
to the sides, then the figures EH, GF 
are called parallelograms about AC, and 
the figures EG, HF are said to be their 
complements. 



3. In the diagram of the preceding definition shew by Theorem 21 that 
the complements EG, Hr are equal in area. 

Hence, given a parallelogram EG, and a straight line HK, deduces 
construction for drawing ou HK as one side a parallelogram equal and 
equiangular to the parallel^ram EG. 

4. Construct a rectangle equal in area to a given rectangle CDEF, 
and having one side equal to a given line AB* 

If AB=6 cm., CD=8 cm., CF=3 cm., find by measurement the 
remaining side of the constructed rectangle. 

5. Given a parallelogram ABCD, in which AB=2‘4'', AD ^1*8", and 
the LA=55'*. Construct an equiangular parallelogram of equal area, 
the greater side measuring 2*7". Measure the shorter side. 

Repeat the process giving to A any other value ; and compare your 
results. What conclusion do you draw ? 

6. Draw a rectangle <m a side of 5 cm. equal in area to an 
equilateral triangle on a side of 6 cm. 

Measure the reiqaining side of the rectangle, and calculate its 
approximate area 
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Problem 18. 

To draw a triangle equal in area to a given quadrilateral. 



Let ABCD be the given quadrilateral. 

It is required to describe a triangle equal to ABCD in area. 

Oonstmction. Join DB. 

Through C draw CX par‘ to DB, meeting AB produced in X. 
Join DX. 

Then DAX is the required triangle. 

Proof. Now the a* XDB, CDB are on the same base D&'anc 
between the same par'“ DB, CX ; 

.*. the A XDB = the aCBb in area. 

To each of these equals add the A ADB ; 
then the A DAX = the fig. ABCD. 


Corollary. In the same way it is always possible to drav 
a rectilineal figure equal to a given re6tilineal figure, anc 
having fewer sides by one than the given figure ; and thu^ 
step by step, any rectilineal figure may be reduced to e 
triangle of equal area. 

For example, in the adjoining dia- 
gram the five-sided fig. EDCBA is equal 
in area to the four-sided fig. EDXA. 

The fig. EDXA may now be reduced 
to an equal A DXYu 



Y A B X 



PROBLEMS ON AREAS. 


129 


Problem 19. 

/ 

To draw a pardlelo^m tqml in area to a gim redUmai 
figure, and having cm angle egml to a given angle. 



Let ABCD be tbe given rectil. fig., and E the given angle. 

It is Required to draw a paf* equal to ABCD and having an 
angle eqvd to E. 

Construction. Join [5E. 

Through C draw CF par* to DB, and meeting AB produced 
in F. 

' Join DF. 

Then the A DAF = the fig. ABCD. Prd). 18. 
Draw the par® AQHK equal to the aADF, and having the 
L KAQ equal to the z. E. , Prw. 17. 

Then the par® KQ = the A ADF 

= the fig. ABCD; 

and it has the L KAQ equal to the L E. 


Notr. If the given rectilineal fignre has more than four sides, it 
must first be reduce, step by step, until it is replaced by an equivalent 
triangle. ' 
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EXERCISES. 

(Redtiction of a Rectilineal Figure to an equivaleM Triangle,) 

Draw a quadrilateral ABCD from the following data : 

AB = BC=5*5 cm. ; CD = DA=4*5 cm. ; the Z.A = 75“. 

Reduce the qua<lrilateral to a triangle of equal area. Measure the 
base and altitude of the triangle ; and hence calculate the approximate 
area of the given figure. 

2. Draw a quadrilateral ABCD having given : 

AB=2*8", BC=:3-2'\ CD=3-3", DA=3-6^ and the diagonal BD = 3 (r. 

Construct an equivalent triangle ; and hence find the approximate 
area of the quadrilateral. 

3. On a base AB, 4 cm. in length, describe an equilateral pentagon 
(5 sides), having each of the angles at A and B 108^ 

Reduce the figure to a triangle of equal area ; and by measuring its 
base and altitude, calculate the approximate area of the pentagon. 

4. A quadrilateral field ABCD has the following measurements : 
AB=:450 metres, BC=380 m., CD =330 m., AD = 390 m., 

and the diagonal AC =660 m. 

Draw a plan (scale 1 cm. to |60 metres). Reduce your plan to an 
equivalent triangle, and measure its base and altitude. Hence estimate 
the area of the field. 


\Pr6blem8, State your construction^ and give a theoretical proof.) 

5. Reduce a triangle ABC to /v triangle of equal area having its 
base BD of given length. (D lies in BC, or BC produced.) 

6. Construct a triangle equal in area to a given triangle, and 
having a given altitude. 

7. ABC is a given triangle, and X a given point. Draw a triangle 
equal in area to ABC, having its vertex at X, and its base in the same 
straight line as BC. 

8. Construct a triangle equal in area to the quadrilateral ABCD, 
having its vertex at a given point X in DC, and its base in the same 
straight line as AB. 

9. Shew how a triangle may be divided into n equal parts by straight 
ines drawn through one of its angular points. 
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10. Bisect a triangle by a straight line dram through a given point 
in m of its sides, 

[Let ABC be the given A, and P the 
given point m the side AB. 

Bisect AB at Z ; and join CZ, CP. 

Through Z draw ZQ parallel to CP. 

Join PQ. 

Then PQ bisects the A. j 


11. Trisect a triangle by straight Urn drawn from a given point in 
one of its sides, 

[Let ABC be the given A, and X the 
given point in the side BC. 

Trisect BC rft the points P, Q. Prob, 1, 

Join AX, and through P and Q draw PH and 
QK parallel to AX. 

JoinXH,XK. 

These straight lines trisect the A ; as may 
be shewn by joining AP, AQ.] B 


12. Cut off from a given triangle a fourth, fifth, sixth, or any part 
required by a straight line drawn from a given point in one of its sides. 

13. Bisect a qvadrUateral by a straight line dram through an angular 
point. 

[Reduce the quadrilateral to a triangle of equal area, and join the 
vertex to the middle point of the base.] 

14. Cut off from a given quadrilateral a third, a fourth, a fifth, or 
any part required, by a straight Bne drawn through a given angular 
point. 


A 



P X Q C 
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AXES OF EEFEEENCE. COORDINATES. 

EXBBOISBS FOB SQUABED FAPEB. 

K we take two fixed straight lines XOX', YOY' cutting one 
another at right angles at 0, the position of any ^int P with 
reference to these lines is known when we know its distances 
from each of them. Such lines are called axes of reference, 
XOX' being known as the axis of x, and YOY' as the axis of y. 
Their point of intersection 0 is called the origin. 


c 

1 

Y 

I 

> 

x' 

1 

. ' ' ' ‘o 

‘ ‘ ' Ivi. 

Y 

X 

> 


The lines XOX', YOY' are usually drawn hbrizontally and 
vertically. 

In practice the distances of P from the axes are estimated 
thus: 

From P, PM is drawn perpendicular to X'X ; and OM and 
PM are measured. 

OM is called the abscissa of the point P, and is denoted by x. 

PM „ ordinate ' „ „ „ y. 

The abscissa and ordinate taken together are called the 
coordinates of the point P, and are denoted by {x, y). 

Wo may thus find the position of a point if its coordinates 
are known. 

Example. Plot the point whose coordincUes art (5, 4). 

Along Oa mark off OM, 5 units in length. 

At M draw MP perp. to OX, making MP4 units in length. 

Then P is tne point whose coordinates are (5, 4). 

The axes of reference divide the plane into four regions XOY, 
YOX', X'OY', Y'OX, known respectively as the firsts second, 
third, and fourth auadzants. 


AXES. COORDINATES. 


133 


e It is clear that in each quadrant there is a point whose 
^distances from the axes are equal to those of P in the above 
diagram, namely, 6 units and 4 units. 

The coordinates of these points are distinguished by the use 
of the positive and negative signs, according to the following 
system : * 

Abscissae measured along the ar-axis to the right of the 
origin are positive, those measured to the left of the origin are 
negative. Ordinates which lie above the ar-axis (that is, in the 
first and second quadrants) are positive ; those which lie 
below the araxis (that is, in the third and fourth quadrants) 
.are negative 

Thus the coordinates of the points Q, R, S are 

( - 6, 4), ( - 5, - 4), and (5, - 4) respectively. 

Note. The coordinates of the origin are (0, 0). 


In practice it is convenient to use squared paper. Two 
intersecting lines should be chosen as axes, and slightly 
thickened to aid the eye, then one or more of' the length 
divisions may be taken as the linear unit. The paper used in 
the following examples is ruled to tenths of an inch. 


Example 1. The coordinates of the points A and B are (7| 8) and 
( - 5, S) : plot the points and find the distance between them. 

After plotting the points as ^ 
in the diagram, we may find Y 

AB approximately by direct Z 

measurement. 

Or we may proceed thus : 

Draw through B a line par^ ZZZZZZ?!^ ZZZZZZZZZZ 

to XX' to meet the ordinate Z Z 

of A at C. Then ACB is a 

rt. -angled A in which BC = 12, J 

and AC =5. 

Now AB*=BCa-fAC2 ZZZIIZZ!!‘“ZZZZZZZ 

=12>+6» 1 

=144-f-25 

=169. 1 111 1 1 lYf l 1 1 rt r r 

AB=13. 
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Example 2. The coordinates of A, B, and C are (5, 7), ( ”8, 2), an^ 
(3, -5); 'plot these points and find the area of the triangle of which thes^ 
are the vertices. 

Having plotted the points as in 
the diagram, we may measure AB, 
and draw and measure the perp. 
from C on AB. Hence the approxi* 
mate area may be calculated. 


Or we may proceed thus : 
Through A and B draw AP, BQ 
pari to Yr. 

Through C draw PQ par^ to 
XX'. 


Then the A ABC = the trap*" APQB - the two rt. -angled A* APC, BQO 
*4PQ(AP+BQ)-J.AP. PC-i.BQ.QC 
13x19 “4x12x2 “4x7x11 

SB 73 units of area. 


exercises: 

1. Plot the following sets of points : 

(i) (6,4), (-6,4), (“6, -4), (6, “4)j 

(ii) (8,0), (0,8), (-8,0), (0, “8); 

(ui) (12,6), (5, 12), (-12,6), (-5,12). 

2. Plot the following points, and shew experimentally that each set 
lie in one straight line. 

(i) (9, 7), (0, 0), (-9, “7); (ii) (-9, 7), (0, 0), (9, -7). 

Explain these results theoretically. 

3. Plot the following pairs of points ; join the points in each case, 
and measure the coordinates of the mid-point of the joining line. 

(i) (4,3), (12,7); (ii) (6,4), (16,16). 

Shew why in each case the coordinates of the mid-point are respec- 
tively half the sum of tlkA ahscissoe and half the sum of the ordinates of 
the given points. 

4. Plot the following pairs of points ; and find the coordinates of 
the mid-point of their joining lines. 

(i) (0,0), (8,10); 

(iii) (0,0), (-8. -10); 



(ii) (8,0), (0,10); 
(iv) (-8,0),(0, -10). 
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5. Find the coordinates of the points of tn' section of the line joining 
(0, 0) to (18, 15). 

6. Plot the two following series of points : 

(i) (5,0), (5,2), (6,6), (5, -1), (5, -4); 

(ii) (-4,8), (-1,8), (0,8), (3,8), (6,8). 

Shew that they lie on two lines respectively parallel to the axis of y, 
and the axis of x. Find the coordinates of the point in which they 
intersect. 

7. Plot the following points, and calculate their distiinces from the 
origin. 

(i) (15, 8) ; (ii) ( - 15, - 8) ; (iii) (2-4", T) ; (iv) ( - •7^ 2*4"). 

Check your results by measurement. 

8. Plot the^ollowing pairs of points, and in each case calculate the 
distance between them. 

(i) (4,0), (0,3); (ii) (9,8), (6,6); 

(iii) (15, 0), (0,8); (iv) (10,4), (-5,12); 

(V) ( 20 , 12), (-15,0); (vi) (20,9), (-15, -3). 

Verify your calculation by measurement. 

9. Shew that the points (-3, 2), (3, 10), (7, 2) are the angular 
points of an isosceles triangle. Calculate and measure the lengths of 
the equal sides. 

10. Plot the eight points (0, 6), (3, 4), (5, 0), (4, - 3), ( - 5, 0), 
(0, - 5), ( - 4, 3), ( ~ 4, - 3), and shew that they all lie on a circle whose 
centre is the origin. 

11. Explain by a diagram why the distances between the following 
pairs of points are all equal. 

(i) (a, 0), (0, b ) ; (ii) (5, 0), (0, a) ; (iii) (0, 0), (a, 6). 

12. Draw the straight lines joining 

(i) (a, 0) and (0, a ) ; * (ii) (0, 0) and (a, o) ; 

and prove that these lines bisect each other at right angles, 

13. Shew that (0, 4), (12, 9), (12, - 4) are the vertices of an isosceles 
triangle whose base is bisected by the axis of x. 

14. Three vertices of a rectangle are (14, 0), (14, 10), and (0, 10) 
find the coordinates of the fourth vertex, and of the intersection of the 
diagonals. 

15. Prove that the four points (0, 0), (11^ 0), (18, 12), (6, 12) are the 
angular points of a rhombus. Find the length of each side, and the 
coordinates of the intersection of the diagonals. 

16. Plot the locu* of a point which moves so that its distances from 
the points (0, 0) and (4, - 4) are always equal to one another. Where 
does the locus cut the axes ? 
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17. Shew that the following groups of points are the vertices of 
rectangles. Praw the figures, and calculate their areas. 

(i) (4,3), (17,3), (17,12), (4,12); 

(ii) (3,2), (3, 16), (-6, 15), (-6,2); 

(iii) (6,1), (-8,1), (-8,-8), (5,-8). 

18. Join in order the points (r, 0), (0, 1"), ( “ 1", 0), (0, - 1"). Of 
what kind is the quadrilateral so formed ? Find its area. 

If a second figure is formed by joining the middle points of the first, 
find its area. 

19. Plot the triangles given by the following sets of points ; and find 
their areas. 

(i) (10, 10), (4, 0), (18, 0) ; (ii) (10, - 10), (4, 0), (18, 0) ; 

(iii) ( - 10, 10), ( - 4, 0), ( - 18, 0) ; (iv) ( - 10, - 10), ( .* 4, 0), ( - 18, 0). 

20. Draw the triangles given by the points 

(i) (0, 0), (6, 3), (6, 0) ; (ii) (0, 0), (3, 0), (0, 6). 

Find their areas ; and measure the angles of the first triangle. 

21. Plot the triangles given by the following sets of ^ints. Shew 
that in each case one side is parallel to one of the axes. Hence find the 
area. 

(i) (0, 0), (12, 10), (12, -6); (ii) (0, 0), (6, 8), (-16, 8); 

(iii) (0, 0), (-12, 12), (-12,-8); (iv) (0, 0), (-6, -8), (20, -8). 

22. In the following triangles shew that two sides of each are 
parallel to the axes. Find their areas. 

(i) (6, 6), (16, 6), (16, 16) ; (ii) (8, 3), (8, 18), (0, 18) ; 

(iii) (4, 8), (-16, -4), (4, -4); (iv) (1, 16), (-11, 15), (1, -7). 

23. Shew that (-6, 6), (7, 10/, (10, 6), (-2, 1) are the angular 
points of a parallelogram. Find its sides and area. 

24. Shew that each of the following sets of points gives a trapezium. 
Find the area of each. 

(i) (3,0), (3,3), (9,0), (9^6); (ii) (0,3), ( -6,3), ( -2, -3),(0, -3); 
(iii) (8, 4), (4, 4), (11, - 1), (3, - 1); (iv) (0, 0), ( - 1, 5), ( - 4, 5), ( - 8, 0). 

26. Find the area of the triangles given by the following points : 

(i) (6, 6), (20, 10), (12, 14); (ii) (7, 6),. (-10, 4), (-4,-3); 

(iii) (0. -6), (0, -3), (14, 6); (iv) (6, 4), («7. -6), (-2, -16). 

26. Shew that (-6, 0), (7, 6), (19, 0), (7, -6) are the angular 
points of a rhombus. Find its sides and its area. 
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27. join the points (0, -6), (12, 0), (4, 6), (-8, -3), in the order 
nven. Calculate the lengths of the first three sides and measure the 
fourth. Find the areas of the portions of the figure l^g in the first 
and fourth quadrants. 

28. The coordinates of four pointo A, C, D are respectively 

(- 4 , - 4 ), (- 10 , 4 ), (- 10 , 13 ), ( 6 , 5 ). 

Calculate the lengths of AB, BC, CD, and measure AD. Also calculate 
the area of ABCD by considering it as the difference of two triangles. 

29. Draw the figure whose angular points are given by 

(0, -3), (8, 3), (-4,8), (-4, 3), ((), 0). 

Find the lengths of its sides, taking the points in the above order. 
Also divide it into three right-angled triangles, and hence find its area. 

30. A plan of a triangular field ABC is drawn on squared naper 
(scale r=100 yds.). On the plan the coordinates of A, B, C are 
( - 1", - 3"), (3", 4 'Oj ( - 5", - 2") respectively. Find the area of the field, 
the length of the side represented W BC, and the distance from this 
side of the opposite comer of the field. 

31. Shew that the points (6, 0), (20, 6), (14, 20), (0, 14) are the 
vertices of a square. Measure a side and hence find the approximate 
area. Calculate the area exactly (i) by drawing a circumscribing 
square through its vertices ; (ii) by subdividing the given square as in 
the ^st figure on page 120. 
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MISCELLANEOUS EXERCISES. 

1. AB and AC are unequal sides of a triangle ABC; AX is the 
median through A, AP bisects the angle BAC» and AD is the perpen- 
dicular from A to BC. Prov% that Ar is intermediate in position and 
magnitude to AX and AD. 

2. In a triangle if a perpendicular is drawn from one extremity of 
the base to the bisector of the vertical angle, (i) it will make with 
either of the sides containing the vertical angle an angle equal to half 
the sum of the angles at the base ; (ii) it wul make with the base an 
angle equal to half the difference of the angles at the base. 

3. In any triangle the angle contained by the bisector of the 
vertical angle and the perpendicular from the vertex to the base is 
equal to half the difference of the angles at the base. , 

4. Construct a right-angled triangle having given the hypotenuse 
and the difference of the other sides. 

6. Construct a triangle, having given the base, the difference of the 
angles at the base, and (i) the difference, (ii) the sum of the remaining 
sides. 


6. Construct an isosceles triangle, having given the base and the 
sum of one of the equal sides and the perpendicular from the vertex to 
the base. 

7. Shew how to divide a given straight line so that the square on 
one part may be double of the square on the other, 

8. ABCD is a parallelogram, and 0 is any point without the angle 
BAD or its opposite vertical angle ; shew that the triangle OAC is equal 
to the sura of the triangles OAD, OAB. 

If 0 is within the angle BAD or its opposite vertical angle, shew 
that the triangle OAC is equal to the difference of the triangles 
OAD, OAB. 

9. The area of a quadrilateral is equal to the area of a triangle 
having two of its sides equal to the diagonals of the given figure, and 
the included angle equal to either of the angles between the diagonals. 

10. Find the locus of the intersection of the medians of triangles 
described on a given base and of given area. 

11. On the base of a given triangle construct a second triangle 
equal in area to the first, and having its vertex in a given straight 
line. 

12. ABCD is a parallelogram made of rods con^ted by hinges. II 
AB is fixe^, find the loons of the middle point of Cu. 
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THE CIRCLE. 

Definitions and First Principi.es. 

1 . A circle is a ])lane figure contained ])y a line traced out 
by a point which moves so that its distance from a certain 
fixed point is always the same. 

The fixed point is called the centre, and the ]>ounding line 
is called the circumference. 

Note. According to this definition the term circle strictly applich 
to the figure contained by the circumference ; it is often used however 
tor the circumference itself when no confusion is likely to arise. 

2. A radius of a circle is a straight line drawn from the 
centre to the circumference. It follows that all radii of a 
circle are equal. 

3. A diameter of a circle is a straight line drawn through 
the centre and terminated both ways by the circumference. 

4. A semi-circle is the figure bounded by a diameter of a 
circle and the part of the circumference cut off by the 
diameter. 

It will be proved on page 1^ that a diameter divides a circle into 
two identically equal parts. 

5. Circles that have the same centre are said to be 

concentric. 
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From these definitions we draw the following inferences : 

(i) A circle is a ehsed curve ; so that if the circumference 
is crossed by a straight line, this line if produced will cross 
the circumference at a second point. 

(ii) The distance of a point from the centre of a circle is 
greater or less than the ladius according as the point is 
without or within the circumference. 

(iii) A point is outside or inside a circle according as its 
distance from the centre is greater or less than the radius. 

(iv) Circles of equal radii are identically equal. For by 
superposition of one centre on the other the ciicumferences 
must coincide at every point. 

(v) Concentric circles of unequal radii cannot intersect, for 
the distance from the centre of every point on the smaller 
circle is less than the radius of the larger. 

(vi) If the circumferences of two circles have a common 
point they cannot have the same centre, unless they coincide 
altogether. 


6. An arc of a circle is any part of the circumference. 

7. A chord of a circle is a straight line joining any two 
points on the circumference. 

Note. From these definitions it may be seen 
that a chord of a circle, which does not pass through 
the centre, divides the circumference into two un- 
equal arcs ; of these, the greater is called the major 
arc, and the less the minor arc. Thus the major 
arc is greater^ and the minor arc Im than the semi- 
cirotmference. 

The major and minor arcs, into which a cir- 
cumference is divided by a chord, are said to be 
coajngate to one another. 
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Symmetry. 

Some Elementary properties of circles are easily proved by 
considerations of symmetry. For convenience the definition 
given on page 21 is here repeated. 

Definition 1. A figure is said to be symmetrical about a 
line when, on being fdded about that line, the partly of the 
figure on each side of it can be brought into coincidence. 

The straight line is called an axis of ssrmmetry. 

That this may be possible, it is clear that the two parts of the figure 
must have the same size and shape, and must be similarly placed with 
regard to the aftcis. 


Definition 2. Let AB be a straight line and P a point 
outside it. 


P 


A 


Tvi" 

Q 


B 


Fipm P draw PM perp. to AB, and produce it to Q, making 
MQ equal to PM. 

Then if the figure is folded%bout AB, the point P may be 
made to coincide with Q, for the LAMP -the lAMQ, and 
MP=MQ. 

The points P and Q are said to be symmetrically opposite 
with regard to the axis AB, and each point is said to be the 
image of the other in the axis. 

Nora. A point and its image are equidistant from every point on 
the axis. See Prob. 14, pi^e 91. 
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Some Symmetrical Properties of Circles. 
I. A circle is symmetrical about any diameter. 



Let APBQ be a circle of which 0 is the centre, and AB any 
diameter. 

It is required to 'prove that the circle is symmetrical about AB. 

Proof. Let OP and OQ be two radii making any equal 
^"AOP, AOQ on opposite sides of OA. 

Then if the figure is folded about AB, OP may be made to 
fall along OQ, since the z.AOP = the lAOQ. 

And thus P will coincide with Q, since OP = OQ. 

Thus every point in the arc APB must coincide with some 
point in the arc AQB ; that is, the two parts of the circum- 
ference on each side of AB can be made to coincide. 

.*. the circle is symmetrical about the diameter AB. 

Corollary. If PQ is drawn cutting AB at M, then on 
folding the figure about AB, since P falls on Q, MP will 
coincide with MQ, 

.*.• !VIP=MQ; 

and the ^OIVIP will coincide with the ^OMQ, 
these angles, bein^ adjacent, are rt. z.“ ; 

.\ the points P and Q are symmetrically opposite with 
regard to AB. 

Hence, conversely, if a circle passes through a given point P, 
it also passes through the symmetrically opposite point with regard 
to any dia'meter. 

Definition. The straight line passing through the centres 
of two circles is called the line of centres. 
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11. Two circles are divided symmetrically by their line of centres. 



Let O, O' be the centres of two circles, and let the st. line 
through O, O' cut the 0*=®" at A, B and A', B'. Then AB and 
A'B' are diameters and therefore axes of symmetry of their 
respective circles. That is, the line of centres divides each 
circle symmetrically. 


III. If hco circles cut at one pointy they must also cut at a 
secoTfd point ; and the common chord is bisected at right angles by 



Let the circles whose centres are O, O' cut at the point P. 

Draw PR perp. to 00', and produce it to Q, so that 
RQ=RP. 

Then P and Q are symmetrically opposite points with 
regard to the line of centres 00' ; 

since P is on the of both circles, it follows that Q is 
also on the of both. [1. Cor.] 

And, by constnfctioU) the common chord PQ is bisected at 
right angles by 00'. 
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ON CHORDS- 

Theorem 31. [Euclid III. 3.] 

If a straight line drawn from the centre of a circle bisects a 
chord which does not pass through Ute centre^ it cats the chord at 
right angles. 

Conversely f if it cuts the chord Ut right rngles^ it bisects it. 



Let ABC be a circle whose centre is 0 ; and let CD bisect 
a chord AB which does not pass through the centre. 

It is required to prove that CD is perp, to AB. 

Join OA, OB. 

Proof. Then in the A* ADO, BDO, 

) AD = BD, by hypothesis, 

OD is common, 

and OA = OB, being radii of the circle'; 

the L ADO = the L BDO ; Theor, 7. 

and these are adjacent angles, 

OD is perp. to AB. Q.E.D. 

Conversely. Let OD be perp. to the chord AB^ 

It is required to prove that OD bisects AB. 

Proof. in the A*ODA, ODB, 

( the il ODA, ODB are right angles, 
the hypotenuse OA = the hypotenuse OB, 
and OD is common ; 

DA=»DB> Theor, 18. 

that is, OD bisects AB at 0. Q.E.D. 
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Co|M^RY 1. The straight line which bisects a chord at 
right ^9^cs passes through the centre. 

CoROLliARY 2. A straight line cannot meet a circle at more 
than two points. 

For suppose a st. line meets a 0, 

circle whose centre is 0 at th€^ points 
A and B. 

Draw OC perp. to AB. 

ThenAC = CB. A C B* b 

Now if the circle were to cut AB in a third point 0, AO 
would also be equal to CD, which is impossible. 

Corollary 3. A chord of a circle lies wholly within it. 


EXERCISES. 

(Numerical and Graphical.) 

1. In the figure of Theorem 31, if AB^8 cm., and 0D~3 cm., find 
OB. Draw the figure, and verify your result by measurement. 

2. Calculate the length of a chord which stands at a distance b'* 
from the centre of a circle whose radius is 13". 

3. Iiv a circle of 1" radius dray two chords I *6" and 1 *2" in length. 
Calculate and measure the distance of each from the centre. 

4. Draw a circle whose diameter is 8*0 cm. and place in it a chord: 
6*0 cm. in len^h. Calculate to the nearest millimetre the distance of 
the chord from^e centre ; and verify your result by measurement. 

5. Find the distance from the centre of a chord 5 ft. 10 in. in length 

in a circle whose diameter is 2 yds. 2 in. Verify the result graphically 
by drawing a figure in which 1 cm. represents 10". # 

6. AB is a chord 2*4" long in a circle whose centre is 0 and whbse 
radius is 1 *3" ; find the area of the triangle OAB in square inches. 

7. , Two points P^d () are 3" apart. Draw a circle with radius 1*7^ 
to pass through P and Q. Calculate the distance of its cenfhe from the 
chord PQ, verify by measurement. 

R.8.d. 
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Theorem 32. 

One circle, and only one, can pass through any three points no\ 
in the same straight line. 



Let A, B, C be three points not in the same straight line. 

It is required to frou that one circle, and only one, can pass 
through A, B, and C. 

Join AB, BC. 

Let AB and BC be bisected at right angles by the lines 

OF, EG. 

Then since AB and BC are not in the same st. line, DF and 
EG are not par^ 

Let DF and EG meet in 0. 

Proof. Because DF bisects AB at right angles, 

every point on DF is equidistant from A and B. 

Prob. 14. 

Similarly every point on EG is equidistant from B and C. 

0, the only point common to DF and EG, is equidistant 
from A,*B, and C ; 

and there is no other point equidistant from A, B, and C. 
a circle having its centre at 0 and radius OA will pass 
through B and C ; and this is the only circle which will pass 
through the three given points. Q.E.D. 
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CcmoLLARY 1. The size and position of a circle are fulhj 
deiermned if it is hnoicn to pass through three given points ; for 
then the position of the centre and length oif the radius can 
be found. 

Corollary 2. Tiro circles cannot cut one another in wore 
than two points without coinciding entirelif; for if they cut at 
three points they would have the same centre and radius. 

Hypothetical Construction. From Theorem 32 it appears 
that we map suppose a circle to he dratvn through any three points 
not in the same straight line. 

For examine, a circle can be assumed to pass tliroiigli the vertices of 
any triangle. 

Definition. The circle which passes through the vertices 
of a triangle is called its circum-circle, and is said to he 
circumscribed about the triangle. The centre of the circle is 
called the circum-centre of the triangle, and the radius is called 
the circum-radius. 


EXERCISES ON THEOREMS 31 AND 32. 

( Theoretical. ) 

1. The parts of a straight line intercepted between the circuin 
fcrences of two concentric circles are equal. 

2. Two circles, whose centres are at A and B, intersect at C, D ; and 
IVl is the middle point of tlie conynon chord. Shew that AM and BM 
arc in the same straight line. 

Hence prove that the line of centres bisects the common chord at right 
angles, 

3. AB, AC‘are two equal chords of a circle ; shew that the straight 
line which bisects the angle BAC passes through the centre. 

4. Find the hens of the centres of all circles which pass through two 

given points, , 

5. Describe a circle that shall pass through two given points and have 
its centre in a given straight line. 

When is this impossible ? 

0. Describe a ckch of given radius to pass through twa^iven points. 

When io this impossible ? 
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* Theorem 33. [Euclid III. 9.j 

If from a point within a circle more than two equal straighi 
lines can be drawn to the circumference^ that 'point is the^centre 
of the circle. 



Let ABC be a circle, and»0 a point within it from which 
more than two equal st. lines are drawn to the O"®, namely 
OA, OB, OC. 

It is required to prove that 0 is the centre of the circle ABC. 

Join AB, BC. 

Let D and E be the middle points of AB and BC respectively. 
Join OD, OE. 


Proof. In the a* ODA, ODB, 

[ DA = pB, 

because j DO is 'common, 

[and OA~OB, by hypothesis ; 

the L ODA » the L ODB ; The<yr. 7. 

these angles, being adjacent, are rt. z.*. 

Hence DO bisects the chord AB at right angles, and therefore 
passes through the centre. The(nr, 31, Cor. 1. 

Similarly it inay be shewn that EO passes through the 
centre. 

0, which is the only point common to DO and EO, must 
^ the centre. Q.E.D. 
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EXERCISES ON CHORDS. 

(Nurmrical and Graphical,) 

1. AB and BC are lines at ri^ht angles, and their lengths are I 
and 3*0* respectively. Draw the circle through the points A, B, and C ; 
find the length of its radius, and verify your result by measurement. 

2. Draw a circle in which a chord 6 cm. in length stands at ^ 
distance of 3 cm. from the centre. 

Calculate (to the nearest millimetre) the length of the radius, and 
verify your result by measurement. 

3. Draw a circle on a diameter of 8 cm., and place in it a chord 
equal to the radius. 

Calculate (to the nearest millimetre) the distance of the chord from 
the centre, and verify by measurement. 

^ 4. Two circles, whose radii are respectively 26 inches and 26 
inches, intersect at two points whicH" are 4 feet apart. Find the 
distance between their centres. 

Draw the figure (scale 1 cm. to 10"), and verify your result by 
measurement. 

5. Two parallel chords of a circle whose diadleter is l.T are re- 
spectively 6^ and 12" in length ; shew that the distance between them 
is either 8’5" or 3’6". 

6. Two parallel chords of a circle on the same side of the centre are 
6 cm. and 8 cm. in length respectively, and the perpendicular distance 
between them is 1 cm. Calculate and measure the radius. 

} 7. Shew on squared paper that if a circle has its centre at any point 
bn the x-axis and passes through the point (6, 6), it also passes through 
the point (6, - 6). [See page 132,] 


{Theoretical.) 

8. The line joining the middle points of two parallel chords pf a 
circle passes through the centre. 

9. Find the locus of the middle points of parallel chords in a circle. 

10. Two intersecting chords of a circle cannot bisect each other 
unless each is a diameter. 

^11. If a paralleloffram can be inscribed in a circle, the point of inter- 
section of its diagoneds must be at the centre of the circle. 

# ^ 

12. Shew that rectangles are the only parallelograms that can be 
inscribed in a circle. 
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Theorem 34. [Euclid III. 14.] 

Equal clm'ds of a circle are equidistant from the centre, 
Convei’sely, chm'ds which are e(quidistant from the centre are 



Let AB, CD be chords of a circle whose centre is O, and let 
OF, OG be perpendiculars on them from O. 

First LctAB=-CD. 

It is required to prove that AB and CD are equidistant frmn 0. 

Join OA, OC. 

Proof. Because OF is perp. to the chord AB, 

OF bisects AB ; Tlmr. 31. 

AF is half of AB. 

Similarly CG is half of CD. 

But, by hypothecs, AB = CD, 

AF = CG. 

Now in the A* OFA, OGC, 

I the C OFA, OGC are right angles, 
the hypotenuse OA = the hypotenuse OC, 
and AF = CG ; 

/. the triangles are equal in all respects ; Theor, 18. 
so that OF ~ OG ; 

tliat is, AB and CD are equidistant from 0. 


Q.B.D. 
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Conversely. Let OF - OG. 

It is required to prove that AB == CD. 

Proof. As before it may be shewn that AF is half of 
.and CG half of CD. 

Then in the a" OF A, OGC, 

i the iJ OFA, OGC are right angles^ 
the hypotenuse OA = the hypotenuse OC, 
andOF-OG; 

AF = CG; Theor.m 

the doubles of these are equal ; 
that is, AB = CD. 

Q.E.D. 


EXERCISES. 

(Theoratkal.) 

1. Find the locus of the middle points of equal chords of a circle. 

2. If two chords of a circle cut one another, and make equal 
angles with the atraiglit line which joins their point of intersection to 
tlie centre, they are equal. 

3. If two equal chords of a circle intersect, shew that the segments 
of the one are ec[iml respectively to the segments of the other. 

4. In a given circle draw a chord which shall be equal to one given 
straight line (not greater tlian the diamete»’' and parallel to another. 

5. PQ is a fixed chord in a circle, and AB is any diameter : shew 
that the sum or diiTerence of the pcr])cndicular8 let fall from A and B 
on PQ is constant, that is, the same for all positions of AB. 

[Sec Kx. II, p. 1)0.] 


{Graphical.) 

6. In a circle of radius 4*1 cm. any number of chords are drawn 
each 1*8 cm. in length. Shew that the middle points of these chords 
all lie on a circle. Calculate and measure the length of its radius, and 
draw the circle. 

7. The centres of two circles are 4" apart, their common chord is 
2*4" in length, and the radius of the larger circle is 3*7". Give a con- 
struction for finding*the points of intersection of the two dlrcles, and 
find the radius of the smauer circle. 
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Theorem 35, [Euclid III. .15,] 

f/ any two chords of a circle^ that which is nearer to the centre 
is greater than one more remote. 

Conversely^ the greater of two chords is rmr^ to the centre than 
the less. 



Let AB, CD be chords of a circle whose centre is 0, and let 
OF, OQ be perpendiculars on them from 0. 

It is required to prove that 

(i) if OF is less than OQ, then AB is greater than CD : 

(ii) if AB is greater than CD, then OF is less than OQ. 

Join OA, OC. 

Proof. Because OF is perp. to the chord AB, 

OF bisects AB; 

AF is half of AB : 

Similarly CQ is half of CD. 

NowOA«OC, 

the sq. on OA«the sq. on OC. 

But since the l OFA is a rt. angle, 
the sq. on OA«=the sqq. on OF, FA. 

Similarly the sq. on OC = the sqq. c^n OQ, QC. 
the sqq. on OF, FA = the sqq. on OQ, QC. 
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(i) Hence if OF is given less than OQ ; 

the sq. on OF is less than the sq. on OQ. 

/. the sq. on FA is greater than the sq. on GO ; 

FA is greater than GO : 

AB is greater than CD. 

(ii) But if AB is given greater than CD, 
that is, if FA is greater than GC ; 
then the sq. on FA is greater than the sq. on QC. 

the sq. on OF is less than the sq. on OQ ; 

OF is less than OQ. Q.E.D. 

Corollary. The greatest chord in a circle is a diameter. 


EXERCISES, 

(Miscellaneous,) 

1. Through a given point within a circle draw the least possible 
chord. 

2. Draw a triangle ABC in which a = 3 6 = 1 *2", c = 3*7". Through 
the ends of the side a draw a circle with its centre on the side c. Cal* 
culate and measure the radius. 

3. Draw the circum-circle of % triangle whose sides are 2*6", 2*8", 
and 3*0". Measure its radius. 

4. AB is a fixed chord of a circle, and XY any other chord having 
its middle point Z on AB ; what is the greatest, and what the least 
length that X Y may have ? 

Shew that XY increases, as Z approaches the middle point of AB. 

5. Shew on squared paper that a circle whose centre is at the 
origin, and whose radius is passes through the points (2‘4'\ DB'Oi 
(1*8", 2*4"). 

Find (i) the length of the chord joining these points, (ii) the co- 
ordinates of its middle point, (iii) its perpendicular distance from the 
origin. * 
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* Theorem 36. [Euclid III. 7.] 

If from any internal pointy not the centre, straight lines art 
drawn to the circumference of a circle, then the. greatest is that 
which passes through the centre, and the least is the remaining part 
of that diameter. 

And of my other two such lines the greater is that which sub^ 
tends the greater amgle at the centre. 



Let ACDB be a circle, and from P any internal point, which 
is not the centre, let PA, PB, PC, PD be drawn to the O"®, 
so thAt PA passes through the centre 0, and PB is the remain- 
ing part of that diameter. Also let the l POC at the centre 
subtended by PC be greater than the l POD subtended by PD. 

It is required to prove that of these sL lines 

(i) PA is the greatest, 

(ii) PB is the least, 

(iii) PC is grmter than PD. 

Join OC, OD. 

Proof, (i) In the A POC, the sides PO, OC are together 
greater than PC. ^ Theor. 11. 

But OC « OA, being radii ; 

PO, OA are together greater than PC ; 
that is, PA is greater than PC. 

Similarly PA may be shewn to be greater than any other 
St. line drawn from P to the O®® ; ^ 

PA is the greatest of all such lines. 
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(ii) In the aOPD, the sides OP, PD axe together greater 
than OD. 

But OD = OB, being radii ; 

/. OP, PD are together gimter than OB. 

Take away the common part OP ; 
then PD is greater than PB. 

Similarly any other st. line drawn from P to the 0®* may 
be shewn to be greater than PB ; 

PB is the least of all such lines. 

(iii) In the A' POC, POD, 

PO is common, 

because ^ OC = OD, being radii, 

[but the L POC is greater than the L POD ; 

PC is greater than PD. Theor, 19. 

Q.E.D. . 


EXERCISES. 

{MUcdlaneous.) 

1. All circles which pass through a fixed poirty and hare their centres 
^ona given straight line, pass also thrcyngh a second fixed point. 

2. If two circles which intersect are cut by a straight Ime parallel 
to the common chord, shew that the parts of it intercepted Ifetween the 
circumferences are equal 

3. If two circles cut one another, any two parallel straight lines 
drawn through the points of intersection to cut the circles are equal. 

4. If two circles cut one another, any two straight lines drawn 
through a point of section, making equal* angles with the common 
chord, and terminated by the circumferences, are equal. 

6. Two circles of diameters 74 and 40 inches respectively have a 
common chord 2 feet in length : find the distance/between their centres. 

Draw the figure (1 cm. to represent 1(f) and verify your result by 
measurement. 

6. Draw two circles of radii l O^'and 1’7^ and with their centres 
21" a|)art. Find b^ calculation, and by measurement, thg length of 
the ocnnmon chord, and its distance from the two centres. 
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♦Theorem 37. [Euclid III. 8.] 

If from any external point straight lines are drawn to the 
mcumfermce of a circle^ the greatest is that which pmes through 
the centre^ cmd the least is that which when produced 'fiisses through 
the centre. 

And of any other two such lines, the greater is that which suh 
tends the greater angle at the centre, 

'4 



Let ACDB be a circle, and from any ex<jj5rnal point P let th^ 
lines PBA, PC, PD be drawn to the O’*, so that PBA‘ passes^,,, 
through the centre 0, and so that the l POC subtended by 
at the centre is greater than the l POD subtended by PD. 

It is required to prove that of these st, lines 
(i) PA is the greatest, 

(ii} PB is the least, 

(iii) PC is grater than PD. 

Join OC, OD. 

Proof, (i) In the A POO, the sides PO, OC are together 
greater than PC. ; ^ 

But OC»pA, being radii ; 

PO, OA are together greater than PC ; 
that iis^ PA is greater than PC. 

Similarly PA may be shewn to be greater than any other at 
line drawrt from P to the O’* ; 

ihat is, PA is the greatest of all such Hues. 
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(ii) 14 the A POD, the sides PD, DO are together greater 
than PO| ... 

' But OD * OB, being radii ; 

.*. the upainder PD is greater than the remainder PB. 

Similarly any other st. line drawn from P to the O’** may be 
shewn to be greater than PB ; 

that is, PB is the least of all such lines. 

,(iii) In the A“ POO, POD, 

f PO is common, 

00 = OD, being radii ; 

but the L POC is greater than the l POD ; 

PC is greater than PD. Thm. 19, 

Q.B.a 


EXERCISES. 

(Miacdlamim.) 

' I, ^ Flnd the neatest and least straight lines which have one ex- 
on each of two given circles which do not intersect. 

2. Jf from any point on the circumference of a circle straight lines 

to the circumference, the greatest is that which pa^ 
through the centre ; and of any two such lines the greater is that 
which subtends the greater angle at the centre. ^ 

3. Of all straight lines drawn through a point of intersection of two 
circles, and terminated by the circumferences, the greatest is that which 
is parallel to the line of centres. 

4 Draw on squared paper any two circles which have their centres 
on the a?-axis, and qut at the point (8, -11). Find the coordinates of 
their other point of intersection. ^ 

6. Draw on squared paper two circles With centres at the points 
as, 0) and ( - 6, 0) reipectively, and fating at tb« point (0, 8). Hud 
Ae leaigths of theit rndU, and the oWrdinatea of their other p«dnt of 
intersection. 

6. Draw an isosceles triangle OAB with an angle of 80* at its vertex 
O. With centre 0 and radius OAdraw a oiri^e, itod on its oircun^ 
fermoe take tmj nn^r of jpointe P, a R.-'i*?* * 

. AB ae.the oentre. Measufe the angle* rabtepded by the oh»W AB at 
the w&ti P, Q, R, ... . K^eat the wine eswtclie eay mu giyw 
.ugbifO, Wi^iafetwcedoyoadnwf 
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ON ANGLES IN SEGMENTS, AND ANGLES AT THE 
CENTRES AND CIRCUMFERENCES OF fIRCLES. 


Theorem 38. [Euclid III, 20.] 

The angle at the centre of a circle is double of an angle at the 
circumference standing on the same arc. 




Let ABC be a circle, of which 0 is the centre ; and let BOC 
be the angle at the centre, and BAG an angle at the 0“, 
standing on the same arc BC. 

It is required to prove that the L BOC is twice the l BAG. 

Join AO, and produce it to D. 

Proof. In the A OAB, because OB = OA, 
the L OAB = the L OBA. 

the sum of the a* OAB, OBA = twice the Z-OAB. 

But the ext. l BOD = the sum of the C OAB, OBA ; 
o*. the L BOD = Wice the L OAB. 

Similarly the L DOC ~ twice the z. OAC. 

, adding these results in Fig. 1, and teking the difference 
in Fig. % it follows in each case that 

the t BOO » twice the L BAG. 


Q.E.D. 
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A 



FiE‘3. 



Fig. 4. 


Ohs. If the arc BEG, on which the angles stand, is a semi- 
circumference, as in Fig. 3, the Z-BOC at the centre is a 
straight angle; and if the arc BEG is greater than a semi- 
circumferencof as in Fig. 4, the l BOG at the centre is reflex. 
But the proof for Fig. 1 applies without change to both these 
s^ses, shewing that whether the given arc is greater than, 
equal to, or less than a semi-circumterence, 

the L BOG = twice the L BAG, on the same arc BEG. 


DEFINITIONS. 

A segment of a circle is the figure bounded 
by a chord and one of the two arcs into which 
the chord divides the circumference. 

Note. The chord of a segment is sometimes called 
its base. 

An angle in a segment is one formed by two 
straight lines drawn from any point in the arc 
of the segment to the extremities of its chord. 


We have seen in Theorem 32 that a circle may be drawn 
through any three points not in a straight line. But it is 
only under certain conditions that a circle can be drawn 
through more than three points. 

Definition. If^four or more pints are so placed that a 
circle may be drawn through them, they are saiU to be 
concyelic. 
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Theorem 39. [Euclid HI. 21.] 
Angles in tlie same segment of a drde are equal 



Fig.x. Fig. 2. 


Let BAG, BOG be angles in the same segment BADG of a 
circle, whose centre is 0. * 

It is required to prove that the u BAG ^fheL BDG. 

Join BO, OG. 

Froofl Because the L BOG is at the centre, and the l BAG 
at the 0", standing on the same arc BG, 

the L BOO a twice the L BAG. Thm. 38. 

Similarly the l BOO » twice the L BDG. 

the 1 BAG a the 4 . BDG. Q.E.D. 


Nom The given eegmeht be greater than a semicircle as in 
1, or less than a semicircle as in Fiff. 2 : in the latter case the angle 
BOC will be reflex: Bat by virtue •of the extension of Hieorem 38, 

g iven on the |»rece(Uog page,r, the above jproof apip||hi equafly to both 
gures. ' ^ 
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CONVBRSB Of Thbobbm 39. 

Equcu aiigles stmding on the same hose, mid on the mme side of it, 
have their vertices on an arc of a circle, of which the given base is the 
chord. 

Let BAOf BDC be two equal angles standing on 
the same bai^ BC, and on the same side of it. 

It is required to prove that A and D lie on an arc 
of a circle having BC as its chord, 

Iiet ABC be the circle which passes throi^h 
the three points A, B, C ; and suppose it cuts BD 
or BD produced at the point E. 

Join EC. 

Proof. Then the L BAC 3= the L BEC in the same segment. 

But, by hypothesis, the LBAC=the LEIDC; 

.% the LBEC=the LBDC; 
which is impossible unless E coincides with D ; 

.% the circle through B, A, C must pass through D. 

COEOLLARY. The locus of the vertices of triangles drawn on the same 
Me of a given base, and with equal vertical angles is an arc qf a circle. 



EXERCISES ON*THEOREM 39, 


1, In Fig. 1, if the angle BDC is 74% find the number of degrees in 
each of the angles BAC, BOC, OBC. 

2. In Figi 2, let BD and CA intersect at X. tt the angle DXCs540% 
and the angle XCD::s25% find the number of degrees in the angle BAC 
and in the refiex angle BOC; 


3. In Fig. 1, if th^ angles CBD* BCD are respectively 43® and 82^, 
find the nural^r of d%ree8 in the'anjgles BACi OoO, OCD. 


*4. Shew that in Fig. 2 the angle OBC is always less than the angle 
BAG a right angle.# 

(For farther Exercises on Theorem 39 see page 170.] 
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Theokbm 40.. [Euclid IIL 22.] 

The oppo^te angles of any qmd^laterol inspnhed m a drds 
cure togetti^ equal to two rigid angles. 



Let ABCD be a. quadrilateral inscribed in the 0ABO. 

It is required to prove that 

(i) the Ll ADC, ABC together = two rt, angles. 

(ii) the L* BAD, BCD together = two rt. angles. 

Suppose O is the centre of the circle. 

Join OA, OC. 

Proof. Since the Z-ADC at the 0®*==-'half the Z.AOC at the 
centre, standing on the same arc ABC ; 
and the lABC at the 0®*“half the reflex lAOO at the centre, 
standing on the same arc ADC ; 

the ^'ADC, ABC together = half the sum of the Z-AOC and 
the reflex lAOC. 

But these angles make up four rt. angles. 

the /.’ADC, ABC t6gether = two rt. angles. 

Similarly the BAD, BCD together = two rt. angles. 

Q.E.D. 

Note. The results of Theorems 39 and 40 should be carefully 
.compared. 

From Theorem 39 we learn that angles in the same segment are 
eqiuil. 

From Theorem 40 we learn that angles in ccU^tgcUe segments are 
mpfilementary. 

Definition. A quadrilateral is called bjrclic when a circle 
can be drawn through its four vertices. 



ANCILSI PROFIBim 
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COKTBBSK Of TbEOEEM 40 . 


If a j4ir of opposite migles cf a quadrilateral are supplemefUarpf its 
^verticsiare coneyclic. 


. Let ABCD be a quadrilateral in which the 
opposite angles at B and D are supplementary. 

It is required to prove that the points A, B, C, D 
are concydic, ^ 

Let ABC be the circle which passes through 
the three points A B, C ; and suppose it cuts AD 
or AD produced in the point E. 

Join EC. 



Proof. Then since ABCE is a cyclic quadrilateral, 
the L AEC is the supplement of the L ABO. 


^ But, by hypothesis, the L ADC is the supplement of the L ABC ; 

- the L AEC = the LADC; 

which is impossible unless E coincides with D. 
the circle which passes through A, B, C must pass through D : 

that is, A, B, C, D are concydic. q.b.ix 


EXERCISES ON THEOREM 40 . 

• 

1. In a circle of 1'6'^ radius inscribe a quadrilateral ABCD, making 
the angle ABC equal to 126“, Measure the remaining angles, and 
hence verify in this case that opposite angles are supplementary. 

2. Prove Theorem 40 by the aid of Theorems 39 and 16, after first 
joining the opposite vertices of the quadrilateral. 

3. K a circle can be described about a parallelogram, the parallelo- 
gram must be rectangular. 

* 4. ABC is an isosceles triangle, and XY is drawn parallel to the 
base BC cutting the sides in X and Y : shew that the four points B, C, 
X, Y lie on a circle. 

5, If one side of a cydic quadrilateral is producedy the extenor angle 
is equal to the opposite tn^mbr angle of the qmdrilatei^* 
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Thborxm 41. [Euclid UL 31.] 
Tkt mgU in a smMrcle is a right angle. 



Let ADB be a circle of which AB is a diameter and 0 the 
eentre 3 and let C be any point on the semi-circumference ACB. 

It is regmed to prove lhat the t ACB is a rt. rnigle. 

Ist Proof. The 4 ACB at the 0* is half the straight angle 
ACB at the centre, standing on the same arc ADB ; 

. ani a straight angle =• two rt. angles : 

the 4 ACB is a rt. angle. Q.II.D. 

2nd Proof Join OC. 

Then bemuse OA‘=OC, 

the 40 CA=the 4OAC. Theor.i. 

And because OB = OC, 

the 40 CB«=the 4OBC.. 

'. the whole 4 ACB * the 4 OAC + the 4 OBC. 

But the three angles of^e a ACB together » two rt. angles ; 

.*. the 4 ACB -tone-half of two rt. angles 
« one rt. angle. <}.e.d. 



ANGLE PROPERTIES. 
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Corollary. The angle in a segment greater ihan a smircirde 
is a^adej g,nd the angle in a segment less a semi-cirde is obtuse. 



The Z-ACB at the O* is half the Z.AOB at the centre, on the 
same arc ADB. ^ 

(i) If the segment ACB is greater than a semi-circle, then 
ADB is a minor arc ; 


the L AOB is less than two rt. angles ; 
the lACB is less than one rt. angle. 

(ii) If the segment AOB is less than a semi-cirole, thra ADB 
is a major arc ; 

the A AOB is greater than two rt. angles ; 
the L ACB is greater than one rt. angle. 


EXERCISES ON THEOREM 41 . # 


1. A cirde described on the hypotenuse of a right^ngled triangle as 
diameter, passes through the opposite angular point, 

2. Two circles intersect at A and B ; and through A two diameters 
AP, AQ are drawn, one in each circle ; shew that the points P, B, Q 

^'are collinear. 

3. A circle is described on one of the equal sides of an isosceles < 
triangle as ^ameter. Shew that it^passes through the middle point of 
the base. 


4. Circles described on any two sides of a triangle as diameters 
intersect on the third side, or the third side produced. 

6. A straight rod of given length slides between two straight rulers 
placed at right angles to one another ; find the locus of its middle point. 

6. Find the locus of the middle points of chords of a dreU draw 
through a fixed point, Distin^guish between the cases when the giuen point 
is within, on, or without the citcumfereMe. 


DEEINmoN. A sector of a circle is a figure 
bounded by two radii a^d the arc intercepted 
between them. "" 
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Theorem 42. [Euclid III. 26.] 

In equal circles, arcs which subtend equal angles, either at the 
centres or at the circumferences, are equal 



Let ABC, DEF be equal circles, and let the l BGC = the L EHF 
at the centres ; and consequently 

the L BAG = the L EOF at the Theor. 38. 

It is required to prove that the arc BKC = the arc ELF? 

Proof. Apply the 0 ABC to the 0 DEF, so that the centre Q 
falls on the centre H, and GB falls along HE. 

Then because the l BGC = the z. EH F, 

GC will fall along HF. 

And because the circles have equal radii, B will fall on E, 
and C on F, and the circumferences of the circles will coincide 
entirely. 

.-. the arc BKC must coincide with the arc ELF ; 

the arc BKC = the arc ELF, Q.E.D. 

Corollary. In equal circles sectors which have equal angles 
are equal 

Obs. It is clear that any theorem relatjpg to arcs, angles, 
and chords in equal circles must also be true in the same circle. 
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Theorem 43. [Euclid III. 27.] 

In equal circles angles, either at the centres or cU the dream' 
erenees, which stand on equal arcs are equal. 



Let ABC, DEF be equal circles ; 
and let the arc BKC = the arc ELF. 

It is required to prove that 

* the L BGC -the at the centres ; 

also the L BAC = the L EOF at the 0“*. 

Proof. Apply the ©ABC to the © DEF, so that the centre G 
falls on the centre H, and GB falls along HE. 

Then because the circles have equal radii, 

.•. B falls on E, and the two 0“* coincide entirely. 

And, by hypothesis, the arc BKC = the arc ELF, 

.•. C falls on F, and consequently GC on HF ; 

. .-. theLBGC = thez.EHF. 

And since the l BAC at the ©"= half the l BGC at the centre ; 
and likewise the l EOF = half the L EHF j 

.•. theLBAC=thez.EDF. Q.B.D. 
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Theorem 44. [Euclid HI. 28.] 

In e^l drdeSf arcs which care eat off by epd chords are eqacd, 
the major arc equal to the major arc, and the minor to Ou minor. 



Let ABC, DEF be equal circles whose centres are Q and H , 
and let the chord BC=the chord EF. 

It is required to prove that 

the major are BkO= the major are EOF, 
and the minor are BKC = the minor arc ELF. 

Join BQ, QC, EH, HF. 

Proof In the as’BQC, EHF, ‘ 

r BQ a: EH, being radii of equal circles, 

because • QC a hf, for the same reason, 
and BC=>EF, by hypothesis; 

.'. theLBQC-theLEHF; Theor.1. 

.•. the arc BKC » the arc ELF; Theor, 42. 
and these are the minor arcs. 

But the whole 0“ABKC=>the whole 0“ DELF ; 
the remaining arc BAC » the remaining arc EOF : 

and these are the major arcs. Q.E.D. 
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Theorem 46. [Euclid III. 29.] 

In tfid circles chords which eui off eqvd arcs are egmL 



Let ABC, DEF be equal circles whose centres are Q and H ; . 
and let the arc BKC*the arc ELF. 

It is reguired to prove that the chord BC^the chord EF, 

Join BQ, EH. 

Proof. Apply the ©ABC to the 0 DEF, so that Q falls on H 
and QB along HE. ' 

Then because the circles have equal radii, 

.-. B falls on E, and the O'* coincide entirely. 

And because the arc BKC=the arc ELF, 

C ^lUs on F. 

the chord BC coincides with the chord EF ; 

the chord BCs the chord EF. Q.E.D. 
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EXERCISES ON ANGLES IN A CIRCLE. 

1. P is any point on the arc of a segment of which AB is the chord. 
Shew that the sum of the angles PAB, rBA is constant. 

2. PQ and RS are two chords of a circle intersecting at X :^prove 
that the triangles PXS, RXft are equiangular to one another. 

3. Two circles intersect at A and B ; and through A any straight 
line PAQ i^ drawn terminated by the circumferences ; shew that PQ 
subtends a constant angle at B. 

4. Two circles intersect at A and B ; and through A any two 
straight lines PAQ, XAY are drawn terminated by the circumferences ; 
shew that the arcs PX, QY subtend equal angles at B. ^ 

5. P is any point on the arc of a segment whose chord is AB ; and 
the angles PAB, PBA are bisected by straight lines which intersect at 0. 
Find the locus of the point 0. 

6. If two chorda interatct within a circle ^ they form an anrjle equal to 
that at the centre^ subtended by half the sum of the arcs they cut off. 

7. IJ two chords intersect without a circle, they form an angle equal 
to that at the centre subtended by half the difference of the arcs they cut off. 

8. The sum of the arcs cut oflf by two chords of a circle at right 
angles to one another is equal to the semi-circumference. 

9. If AB is a fixed chord of a circle and P any point on one of the 
arcs cut off by it, then the bisector of the angle APB cuts the conjugate arc 
in the same point for all positions of P. 

10. AB, AC are any two chords of a circle ; and P, Q are the middle 
points of the minor arcs cut off by them ; if PQ is joined, cutting AB in 
A and AC in Y, shew that AX = AY. 

11. A triangle ABC is inscribed in a circle, and the bisectors of the. 
angles meet the circumference at X, Y, Z. Shew that the angles of the 
triangle XYZ are respectively 

90'-| 90”-| 90”-| 

12. Two circles intersect at A and B ; and through these points 
lines are drawn from any point P on the circumference of one of the 
circles ; shew tha^ when produced they intercept on the other circum- 
ference an arc which is constant for all positions of P. 
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13. The straight lines which join the extremities of parallel chords 
in a circle (i) towards the same parts, (ii) towards opposite parts, are 
equal. 

14. Through A, a point of intersection of two equal circles, two 
straight lines PAQ, XAY are drawn : shew that the chord PX is equal 
to the chord QY. 

15. Through the points of intersection of two circles two parallel 
straight lines are drawn terminated by the circumferences ; shew that 
the straight lines which join their extremities towards the same parts 
are equal. 

16. Two equal circles intersect at A and B ; and through A any 
straight line PAQ is drawn terminated by the circumferences : shew 
that BP=BQ. , 

17. ABC is an isosceles triangle inscribed in a circle, and the 
bise-^tors of the base angles meet the circumference at X and Y. Shew 
that the figure BXAYC must have four of its sides equal. 

What relation must subsist among the angles of the triangle ABC, in 
order that the ligure BXAYC may be equilateral? 

18. ABCD is a cyclic qiiadrilateral, and the opposite sides AB, DC 
are produced to meet at P, and CB, DA to meet at Q : if the circles 
circumscribed about the triangles PBC, QAB intersect at R, shew that 
the points P, R, Q are collinear. 

19. P, Q, R are the middle points of the sides of a triangle , and X is 
the foot of the perpendicidar let fall from one vertex on the opposite side: 
shew that the four points P, Q, R, X are concydic. 

[See page 64, Ex. 2 : also Prob. 10, p. 83.] 

20 Use the preceding exercise to shew that' the middle points of the 
sides of a triangle and 'the feet ofihe perpmdieulars let fall from the 
vertites on the opposite sides, are concydic. 

21. If a series of triangles are drawn standing on a fixed base, and 
having a given vertical angle, shew that the bisectors of the vertical 
angles all pass through a fixed point. 

22. ABC is a triangle inscribed in a circle, and B the middle point 
of the arc subtended by BC on the side remote from A ; if through b 
a diameter ED is drawn, shew that the angle DEA is half the difference 
of the angles at B and C« 
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TANGENCY. 

Definitions and First Principles. 

1. A secant of a circle is a straight line of indefinite 
length which cuts the circumference at two points. 

2. If a secant moves in such a way that the two points 
in which it cuts the circle continually approach one another, 
then in the ultimate position when these two points become 
one, the secant becomes^ a tangent to the circle, and is said to 
touch it at the point at which the two intersections coincide. 
This point is called the point of contact. 

For instance : ^ 

(i) Let a secant cut the circle at the points 
P and Q, and suppose it to recede from the 
centre, moving always parallel to its original 
position; then the two points P and Q will 
clearly approach one another and finally coin- 
cide. 

In the ultimate position when P and Q 
become one point, the straight line becomes a 
tangent to the circle at that point. 



(ii) Let a secant cut the circle at the points 
P and Q, and suppose it to be turned about 
the point P so that while^ P remains fixed, Q 
moves on the circumferenW ,pearer and nearer 
to P. Then the line in its ultimate 
position, when Q coincides with P, is a 
tangent at the point P. 


Since a secant can cut a circle at tm points only, it is clear 
that a tangent |}au have only one point in common with the 
circumference, namely the point of contact, at which two 
points of section coincide. Hence we may define a tangent as 
follows : 

3. A tangent to a mrcie is a straight ,line which meets 
the cirnumferei^ at one point only; andt though produced 
indefinitely does hot cut the oiroumference.'; 
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4, Let two circles intersect (as in Fig. 1) in the points 
P and Q, and let one of the circles turn about the point P, 
which remahis fixed, in such a way that Q continually 
approaches P. Then in the ultimate position, when Q coin- 
cides with P (as in Figs. 2 and 3), the circles are said to 
touch one another at P. 

Since two circles cannot intersect in more than two points, 
two circles which touch one another cannot have more than 
me point in common, namely the point of contact at which the 
two points of section coincide. Hence circles are said to touch 
one another when they meet^ but do not cut one another. 

Note. When each of the circles which meet is oviMe the other ^ as 
in Fig. 2, they are said to touch one another externally, or to have 
external contact: when one of the circles is mthin the other, as in 
Fig. 3, the first is said to touch the other' internally, or to have 
internal contact with^it. 


InFERENOE from DeFIKITIONS 2 AND 4. 

If in Fig* 1, TQP is a common chord of two circles one 
of which is hx^e to turn about P, then when Q is brought 
into coincidence with P, the line TP passes through two coinci- 
dent points oy each circle, as in Figs* 2 and 3,, and therefore 
becomes a tangent to each circle. Hence 

7W cirdes tohicJf totush one another hem a o^rtm^AmgeM at 
of contad. 
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Theorej^ 46. 

The tangent at any point of a circle is perpendicular to the 
radius drOiWn to the point of contact 



Let PT be a tangent at the point P to a circle whose centre 
is O. 

It is required to prove that PT is perpendicular to the radius OP. 

Proof. Take any point Q in PT, and join OQ. 

Then since PT is a tangent, every point in it except P is 
outside the circle. 

.’. OQ is greater than the radius. OP. 

And this is true for every point Q in PT ; 

OP is the shortest distance from O to PT. 

Hehce OP is perp. to PT. Theor, 12, Cor. 1. 

Q.E.]). 


Corollary 1. Since there can be only one perpendicular 
to OP at the point P, it follows that one and only one tangent 
can be drawn to a circle at a given point on the circumference. 

Corollary 2. Since there can be only pne perpendicular 
to PT at the point P, it follows that the perpendicular to a 
tangent at its point of coniact passes through the cenhe. 

Corollary 3. Since there can be onlyi>one perpendicular 
from O to the line PT, it follows that the radius drawn perpen- 
dicular to the tangent passes through the point of contact. 
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fHEOREM 46. [By the Method of Limits.] 

The tangent at any point of a circle is perpendicular to the 
radius drawn to the point of contact 



Fig. I. Fig. 2. 


Let P be a point on a circle whose centre is 0. 

It is required to prove that tlye tangent at P is perpendicular to 
the radius OP. 

Let RQPT (Fig, 1) be a secant cutting the circle at Q and P. 
Join OQ, OP. 

Proof. Because OP = 00, 

.‘j the z.OQP = the lOPQ; 

.'. the supplements of these angles are equal ; 
that is, the z.QQR = the Z.OPT, 
and this is true however near Q is to P. 

Now let the secant QP be ^rned about the point P so that 
0 continually approaches and finally coincides with P ; then 
in the ultimate position, 

(i) the secant RT becomes the tangent at PA y. ^ 

(ii) 00 coincides with OP; j ^ & y 

and therefore the equal l* OOR, OPT become adjacent, 

OP is perp. to RT, Q,E.D. 

• • 

Note. The method of proof employed here is known as the Metliod 
of Limits. 
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Theorem 47. 

Two tangents can be drawn to a circle from an external point. 



Let PQR be a circle whose centre is 0, and let T be'an 
external point. 

It is required to pwe that there can be two tangents drawn to 
the drde from T. * 

Join OT, and let T80 be the circle on OT as diameter. 

This circle will cut the 0 PQR in two points, since T is 
without, and 0 is within, the © PQR. Let P and Q be these 
points. 

Join TP, TQ ; OP, Oa 


Proof. Now each of the Z-*TPO, TQO, being in a semi- 
circle, is a rt. angle ; 

TP, TQ are perp. to the radii OP, OQ respectively. 

TP, TQ are tangents at P and Q. Theor, 46. 

Q.E.D. 

CoROliLARY. The two tangents to a circle from cm external 
point are equal, and subtend equal angles at the centre. 

For in the A* TPO, TQO, 

f the z.*TPO, TQO are right angles, 
the hypotenuse TO is common, 
and OP = 00, being radii ; 

\ .vTP«TQ, * 
and the ATOP^the tTOQ. Theor. 18. 
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EXERCISES ON THE TANGENT. 

{Numerical and Graphical.) 

1. Driw two concentric circles with radii 6*0 cm. aid 3*0 cm. 
Draw a series of chords of the former to touch the latter. ^Calculate* 
and measure their lengths, and account for their being equal. 

2. In a circle of radius 1*0" draw a number of chords each 1*6" in 
length. Shew that they all touch a concentric circle, and find ita 
radius. 

3. The diameters of two concentric circles are respectively 10*0 cm. 
and 5-0 cm. ; find to the nearest millimetre the length of any chord of 
the outer circle which touches the inner, and check your work by 
measurement. 

4. In the figure of Theorem 47, if OP=:6", TO = IS'', find the length 
of the tangents from T. Draw the figure (scale 2 cm. to 5 ), and 
measure to the nearest degree the angles subtended at 0 by the 

circle whose radius is 0*7" are each 2*4" 
T from the centre jf the circle. Draur 
the figure and check your result graphically. 


fc tangents. 


^ 6. The tangents from T to a 
I lencrth. Find the distance of 


{Theoretical,) 

6. The centre of any circle which touches two intersecting straighi^ 
lines must lie on the bisector of the angle between them, 

7. AB and AC are two tangents to a circle whose centre is 0 ; shew 
that AO bisects the chord of contact BC at right angles. 

8. If PQ is joined in the figure of Theorem 47, shew that the angle 
PT(i is double the angle OPQ. 

9. Two parallel tangents to a circle intercept on any third tangent, 
a segment which, subtends a right angle at the centre, 

10. The diameter of a circle bisects ail chords which are parallel to 
the tangent lit either extremity. 

11. Find the locus of the ce^uAs of all circles which touch a given 

straight line at a given point. > ^ 

12. Find the locus of the centres of all circles which touch each of 
two parallel straight lines. 

13. Find the locus of the centres of all cirdes which touch each of two 
intersecting straight lines of unlimited length, 

14. In any quadrilateral drcuiMcrihed about a csrcle^ the sum gf, one 
^pdir of opposite sides is equal to the sum of the other pair. 

State and prove th^ converse theorem. 

15^ If a quadrilateral is described about a circle, tjie flfngles sub- 

tend^ at the centre by any two opposite Sld^ are supplementary. 
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Theorem 48. 

If two circles touch one anothei', the centres and the point of 
contact are in one straight line. 




Let two circles whose centres are 0 and Q touch at the 
point P. 

It is required to prove that 0, P, and Q are in one straight line. 
Join OP, QP. 


Proof. Since the given circles touch at P, they have a 
eomraon tangent at that point. Page 173. 

Suppose PT to touch both circles at P. 

Then since OP and QP are radii drawn to the point of 
contact, 

OP and QP are both perp. to PT ; 

OP and QP are in one st. line. Thecrr. 2. 
That is, the points 0, P, atid Q are in one st. line. Q.E.D. 


Corollaries, (i) If two circles touch externally the distance 
ietween their centres is equal to the sum of their radii. 

(ii) If two eirdes touch internally the distance between, their 
centres ^ equal to the difference of their radii. 
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EXERCISES ON THE CONTACT OF CIRCLES. 

{Numerical and Oraphical.) 

1 From centres 2*6" apart draw two circles with radii 1 'T and 0*9* 
respectively. Why and where do these circles touch one another ? 

If circles of the above radii are drawn from centres 0*8" apart, prove 
that they touch. How and why does the contact differ from that in 
the former case ? 

2. Draw a triangle ABC in which a=8 cm., 5=7 cm., and c = 6 cm. 
From A, B, and C as centres draw circles of radii 2*6 cm., 3*5 cm., and 
4*5 cm. respectively ; and shew that these circles touch in pairs. 

3. In the triangle ABC, right-angled at C, a = 8 cm. and 5=6 cm. ; 
\ and from centre A with radius 7 cm. a circle is drawn. What must be 

the radius of a circle drawn from centre B to touch the first circle ? 

4. A and B are the centres of two fixed circles which touch in- 
ternally. If P is the centre of any circle which touches the larger circle 
internally and the smaller externally, prove that AP + BP is constant. 

If the fixed circles have radii 5*0 cm. and 3*0 cm. respectively, verify 
the general result by taking different positions for P. 

5. AB is a line 4" in length, and C is its middle point. On AB, 
AC, CB semicircles are described. Shew that if a circle is inscribed in 
the sjmce enclosed by the three semicircles its radius must be 5". 


[Theoretical,) 


6. A straight line ts drawn through the point oj contact of two circles 
whose centres are A and B, cMting^the circumferences at and Q re- 
spectively ; shew that the radii AP and BQ are parallel. 


7. Two circles touch externally, and through the point of contact a 
straight line is drawn terminated % the circumferences ; shew that the 
tangents at its extremities are parallel. 

8. Find the locus of the centres of all circles 

(i) which touch a given circle at a given point ; 

(ii) which are of given radius and touch a given circle. 

9. From a given point as centre describe a circle to touch a given • 

circle. How many solutions will there be ? ^ 

10. Describe a circle of radius a to touch a given circle of radius h 
at a given point. How many solutions will there be ? 
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Theorem 49. [Euclid III. 32.] 

The angles made hy a tangent to a circle with a chord drawn 
from the point of contact are respectively equal to the angles in 
the alternate segments of the circle. 

A 


E B F 

Let EF touch the O ABC at B, and let BD be a chord drawn 
from B, the point of contact. 

It is required to prove that 

(i) the L FBD * the angle in the alternate segment BAD : 

(ii) the L EBD = the angle in the alternate segment BCD. 

Let BA be the diameter through B, and C any point in the 
arc of the segment which does not contain A. 

Join AD, DC, CB. 

Proof. Because the ^ADB in a semi-circle is a rt. angle, 
the l*DBA, bad together® a rt. angle. 

But since EBF is a tangent, and BA a diameter, 

/. the L FBA is a rt. angle, 
the L FBA® the z.* DBA, BAD together. 

Take away the common l DBA, 
then the l FBD ® the l BAD, which is in the alternate segment 

Again because ABCD is a cyclic quadrilateral, 
the L BCD® the supplement of the l BAD 
>«the siipplenient of the ^FBD 
®theiLEBD| 

/. the 21 EBD® the which is in the alternate segment. 

Q.B.D. 
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EXERCISES ON THEOREM 49. 

1. In the figure of Theorem 49, if the lF 60=72*, write down the 
values of the Z.*BAD, BCD, EBD. 

2. Use this theorem to shew that tangents to a circle from an 
external point are equal. 

3. Through A, the point of contact of two circles, chords APQ, 

AXY are drawn : shew that PX and QY are parallel. t 

Prove this (i) for internal, (ii) for external contact. 

4. AB is the common chord of two circles, one of which passes 
through 0, the centre of the other : prove that OA bisects the angle 
between the common chord and the tangent to the first circle at A. 

5. Two circles intersect at A* and B ; and through P, any point on 
one of them, straight lines PAC, PBD are drawn to cut the other at C 
and D : shew that CD is parallel to the tangent at P. 

6. If from the point of contact of a tangent to a circle a chord is 
drawn, the perpendiculars dropped on the tangent and chord from the 
middle point of either arc cut on by the chord are equal. 


EXERCISES ON THE METHOD OF LIMITS. 

1. Pr(m Theorem 49 by the Method of Limits, 

[Let ACB be a segment of a circle of 

which AB is the chord ; and let PAT' be any 
secant through A. Join PB. 

> Then the L BCA = the L BPA ; 

ncor. 89. 

P and this is true however near P approaches 
to A. 

If P moves up to coincidence* with A, 
then the secant PAT' becomes the tangent 
AT, and the L BPA becomes the L BAT. 

ultimately, the Z- BAT = the LBCA, in 
the alt. segment.] 

2. From Theorem 31, prove by ^ the 
Method of Limits that 

The straight Wne drawn perpendicular tp the diameter of a drde at its 
extremity is a tangent, 

3 . Deduce Theorem 48 from the property that the line of centres 
bisects a common chord at right angles* 

4. Deduce Theorem 49 from Ex. 8, pege IBS. 

, 5.^ Deduce Theorem 46 fvota Theorem 41. 
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PROBLEMS. 

GEOMETRICAL ANALYSIS. 

Hitherto the Propositions of this text-book have been 
arranged SyntheticaUy, that is to say, by building up known 
remits in order to obtain a new result. 

But this arrangement, though convincing as an argument, 
in most cases affords little clue as to the way in which the 
construction or proof was discovered. We therefore draw the 
student’s attention to the following hints. 

In attempting to. solve a problem begin by assuming the 
required result ; then by working backwards, trace the conse- 
quences of the assumption, and try to ascertain its dependence 
on some condition or known theorem which suggests the 
necessary construction. If this attempt is successful, the 
steps of the argument may in general be re-arranged in 
reverse order, and the construction and proof presented in a 
synthetic form. 

This unravelling of the conditions of a proposition in order 
to'trace it back to some earlier principle on which it depends, 
is called geometrical analysis : it is the natural way of attack- 
ing the harder types of exercises, and it is especially useful in 
solving problems. 

Although the above directions do not amount to a method, 
they often furnish a very effective mode of searching for a 
suggestion. The approach by analysis will be illustrated in 
some of the following problems. [See Problems 23, 28, 29.] 
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Problem 20. 

Givm a circle^ or an arc of a circle^ to find its centre. 

Let ABC be an arc of a circle 
whose 'centre is to be found. 

Construction. Take two chords 
AB, BC, and bisect them at right 
angles by the lines DE, FGj meeting 
at 0. Prob. 2. 

Then 0 is the required centre. 

Proof. E^^ry point in DE is equi- 
distant from A and B. Prob. 14. 

And every point in FG is equidistant from B and C. 

0 is equidistant from A, B, and C. 

0 is the centre of the circle ABC. Theor. 33 





Problem 21. 


To bisect a given arc. 


Let ADB be the given are to be bisected. 

Construction. Join AB, and bisect it at 
right angles by CD meeting the arc at D. 

* Prob. 2. 

Then the arc is bisected at D. 

Proof. Join DA, DB. 



Then every point on CD is equidistant from A and B ; 

Prob. 14. 


.-. DA=DB; 

. • . the iL DBA = the l DAB ; Theorem 6. 

the arcs, which subtend these angles at the O*, are equal ; 
that is, the arc DA>»the arc DB. 
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Problem 22. 

to draw a tangent to a circle from a given extenud point. 



Let PQR be the given circle, with its centre at 0 ; and let T 
be the point from which a tangent is to be drawn. 

Construction. Join TO, and on it describe a semi-circle TPO 
to cut the circle at P. 

Join TP. ; 

Then TP is the required tangent. 

Proof. Join OP. 

Then since the lTPO, being in a semi-circle, is a rt. angle, 
TP is at right angles to the radius OP. 

.•. TP is a tangent at P. Theor. 46. 

Since the semi-circle may be described on either side of TO, 
a second tangent TQ can be drawn from T, as shewn in the 
figqre. 

^ approach the given circle, then the 
apgle PT Q gr^ nally increases. When T reaches the circumference, 
^ aame PT% becomes a lUraiaht angfe, and the two tangents coincide. 
WaeaT enters the circle, no tangent can be drawn. [See Obt. p. 94] 
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Problem 23. 

To draw a common tangent to two circles. 



Let A be the centre of the greater circle, and a its radius ; 
and let B be the centre of the smaller circle, and h its radius. 

Analysis. Suppose DE to touch the circles at D and E. 
Then the radii AD, BE are both perp. to DE, and therefore 
par^ to one another. 

Now if BC were drawn par^ to DE, then the fig. DB would 
be a rectangle, so that CD =» BE = h. 

And if AD, BE are on the same side of AB, 

then AC = a - 6, and the z. ACB is a rt. angle. 

These hints enable us to draw BC firsiy and thus lead to the 
following construction. 

Construction. With centrg A, and radius equal to the 
difference of the radii of the given circles, describe a circle, 
and draw BC to touch it. 

Join AC, and produce it to meeji the circle (A) at D. 

Through B draw the radius BE pari to AD and in the same 
sense. Join DE. 

Then DE is a common tangent to the given circles. . 

Obs, Since two tangents, such as BO, can in general be 
dra\im from B to J)he circle of construction,rthis method will 
fumfch two common tangents to the given circles. These ai^ 
call€|i the direct common tangents. 
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GEOMirrEY. 


Problem: 23. {Gmdinued.) 



Again, if the circles are external to one another two more 
common tangents may be drawn. 

Analysis. In this case we may suppose DE to touch the 
circles at D and E so that the radii AD, BE fall on opposite sides 

o/AB. 

Then BC, drawn par^ to the supposed common tangent DE, 
would meet AD produced at C ; and we should now have 

AC = AD + DC = a + & ; and, as before, the L ACB is a rt. angle. 
Hence the following construction. 

Construction. With centre A, and radius equal to the mm 
of the radii of the given circtes, describe a circle, and draw 
BC to touch it. 

Then proceed as in the first case, but draw BE in the sense 
opposite to AD. 

Obs, As before, two tangents may be drawn from B to the 
circle of construction; hence two common tangents may be 
thus drawn to the given circles. These are called the 

transverse common tangents. 

" I 

« [We leave as an exercise to the student the arrangement of the proof 
in synthetic form.] 
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EXERCISES ON COMMON TANGENTS. 

[Numerical and Graphical.) 

1. How many common tangents can be drawn in each of the 
followijig cases? 

(i) when the given circles intersect ; ■ 

(ii) when they have external contact ; 

(iii) when they have internal contact. 

Illustrate your answer by drawing two circles of radii 1 ‘4" and 1 
respectively, 

(i) with 1 *0" between the centres ; 

(ii) with 2 4" between the centres ; 

(iii) with 0'4" between the centres ; 

(iv) with 3‘0" between the centres. 

Draw the common tangents in each case, and note where the general 
construction fails, or is modified. 

2. Draw two circles with radii 2*0" and 0*8", placing their centres 
2*0" apart. Draw the common tangents, and find their lengths between 
the points of contact, both by calculation and by measurement. 

3. Draw all the common tangents to two circles whose centres are 
I ’8" apart and whose radii are 0*6" and 1 2" respectively. Calculate and 
measure the length of the direct coinnton tangents. 

4. Two circles of radii IT and 1*0" have their centres 2 ’T' apart. 
Draw their common tangents and find their lengths. Also find the 
length of the common chord. Produce the common chord and shew 
by measurement that it bisects the common tangents. 

5. Draw two circles with radii 1*6" and 0*8" and with their centres 
3*0" apart. Draw all their commoij tangents. 

6. Draw the direct common tangents to two equal circles. 


( Theoretical.) 

7. If the two direct, or the two transvers^ common tangents are 
drawn to two circles, the parts of the tangents intercepted between the 
points of contact are equal. 

8. If four common tangents are drawn to two circles external to 
one another, shew that the two direct, and also the two transverse, 
tangents intersect on the line of centres. 

9. Two riven circtes have external contact at A, and a direct common 
tangent is drawn to touch them at P and Q : shew that PQ subtends a* 
right angle at the point A. 
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GEOMETRY. 


On the Construction of Circles. 

In order to draw a circle we must know (i) the position of 
the centre, (ii) the length of the radius. 

(i) To find the position of the centre, two conditions are 
ne^ed, each giving a locus on which the centre must lie ; so 
that the one or more points in 'wdiich the two loci intersect 
are possible positions of the required centre, as explained on 
page 93. 

(ii) The position of the centre being thus fixed, the radius 
is determined if we know (or can find) any point on the 
circumference. 

Hence in order to draw a circle three independent data are 
required. 

For example, we may draw a circle if we are given 
(i) three points on the circumference ; 
or (ii) three tangent lines j 

or (iii) one point on the circumference, one tangent, and its point 
of contact. 

It will however often happen that more than one circle can be drawn 
satisfying three given conditions. - 


Before attempting the constructions of the next Exercise the 
student should make himself familiar with the following loci. 


(i) The locus of the centres of circles which jpass through two 
given, 'points, 

(ii) The locus of the centres of circles which touch a given straight 
line at a given point, 

(iii) The iocus of the centres of circles which touch a given circle 

at a given point, • " 

(iv) The locus of the centres of circles which touch a given straight 
line, and have a given radius. 




The locus of fhe centres of circles which touch two givm 
‘ lines. 
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EXERCISES. 

1. Dn^w a circle to pass through three given points. 

2. If a circle touches a given line PQ at a point A, on what line 
must its centre lie ? 

If a* circle passes through two given points A and B, on what line 
must its centre lie ? 

Hence draw a circle to touch a straight line PQ at the point A» and 
to pass through another given point B. 

3. If a circle touches a given circle whose centre icf C at the point A, 
on what line must its centre lie ? 

Draw a circle to touch the given circle (C) at the point A, and to pass 
through a giv^n point B. 

4. A point P is 4*5 cm. distant from a straight line AB. Draw two 
circles of radius 3*2 cm. to pass through P and to touch AB. 

6. Given two circles of radius 3*0 cm. and 2*0 cm. respectively, 
their centres behtg 6*0 cm. apart ; draw a circle of radius 3*5 cm. to 
touch each of the given circles externally. 

How many solutions will there be? What is the radius of the 
smallest circle that touches each of the given circles externally ? 

6. If a circle touches two straight lines OA, OB, on what Une mult 

its centre lie ? < * 

Draw OA, OB, making an angle of 76®, and describe a circle of radius 
1*2" to touch both lines. 

7. Given a circle of radius 3*5 cm., with its centre 5*0 cm. from a 
given straight line AB ; draw two circles of radius 2*5 cm. to touch the 
given circle and the line AB. 

8. Devise a construction for drawing a circle to touch each of two 
parallel straight lines and a transversal. 

Shew that two such circles can be drawn, and that they are equal. 

9. Describe a circle to touch a given circle, and also to touch a 
given straight line at a given point. [See page 311,] 

10. Describe a circle to touch a given straight line, and to touch a 
given circle at a given point. 

11. Shew how to draw a circle to touch each of three given straight 
lines of which no two are parallel 

How many such t^rcles can be drawn ? 

[Further Examples on the Qonatruotion of Circles will be found op 
pp. m, 311.] 
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Problem 24. 

On a gmn straight line to describe a segment of a circle which 
shall contain an angle equal to a given angle. 



Let AB be the given st. line, and C the given angle. 

It is required to describe on kB a segment of a ""circle containing 
an angle eqml to C. 


Construction. At A in BA, make the l BAD equal to the l C. 
From A draw AG perp. to AD. 

Bisect AB at rt. angles by FG, meeting AG in G. Proh. 2 


Proof. 


Join GB. 


Now every point in FG is el^uidistant from A and B ; 

Prdb, 14. 


GA = GB. 


With centre G, and radius GA, draw a circle, which must 
pass through B, and touch AD at A. Theryr, 46. 

Then the segment AHB, alternate to the L BAD, contains an 
angle equal to C. Thecrr. 49. 


Note. In the particular case when the dven angle is a rt. angle, the 
segment required will be the semi-circle on asdiaiiieter. [Theorem 4L] 
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Corollary. To cut off from a given circle a segment containing 
a given angle, it is enough to draw a tangent to the circle, and from 
the point of contact to draw a chord making with the tangent an 
angle equal to the given angle, 

it was proved on page 161 that 

The locus of the vertices of triangles which stand on the same base 
and have a given vertical angle, is the arc of the segment standing 
on this base,mnd containing an angle equal to the given angle. 

The following Problems are derived from this result by the 
Method of Iivtersection of Loci [page 93j. 


EXERCISES. 

1. Describe a triangle on a given base having a given vertical angle 
and having its vertex on a given straight line. 

2. Construct a triangle having given the base^ the vertical angle, and 

(i) one other side. 

(ii) the altitude. 

(iii) the length of the median which bisects the base. 

(iv) the foot of the perpendicular from the vertex to the base. 

3. Construct a triangle having given the base, the vertical angle, and 
the point at which the base is cut by the bisector of the vertical angle. 

[Let AB be the base, X the given point in it, and K the given angle. 
Oil AB describe a segment of a cifcle containing an angle equal to K ; 
complete the O®® by drawing the arc APB. Bisect the arc APB at P : 
join PX, and produce it to meet the 0“® at C. Then ABC is the 
required triangle.] 

4. Construct a triangle having given the, base, the vertical angle, and 
the sum of the remaining .sides. 

[Let AB be the given base, K the given angle, and H a line equal to 
the sum of the sides. On AB describe a segment containing an angle 
equal to K, also another segment containing an angle equal to half the 
L K. With centre A, and radius H, describe a circle cutting the arc of 
the latter segment at X and Y. Join AX (or AY) cutting the arc of the 
first segment at C. J'hen ABO is the required triangle.] 

5. Construct a triangle having given the hose, the vertical angle, and 
the differeitce of the remaining sides. 
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CIRCLES m RELATION TO RECTILINEAL FIGUREa 


Dehnitions. 

1. A Polygon is a rectilineal figure bounded b§ more than 
four sides. 

A Polygon of five sides is 

„ six sides 

„ seven sides 

„ eighi sides 

„ Urn sides 

„ twelve sides 

„ fifteen sides 

2. A Polygon is Begolar when all its sides are equal, and 
all its angles are equal. 


called a Pentagon, 

„ Hexagon, 

„ Heptagon, 

„ Octagon, 

„ Decagon, 

„ Dodecagon, 

„ Qoindecagon. 


3. A rectilineal figure is said to be in- 
scribed in a circle, when all its an^lar points 
are on the circumference of the circle ; and a 
circle is said to be circnmscribed abont a recti- 
lineal figure, when the circumference of the 
circle passes through all the angular points of 
the figure. 



4. A circle is said to be inscribed in a 
rectilineal figure, when the circumference of 
the circle is touched by each side of the figure ; 
and a rectilineal figure is said to be cbinim- 
scribed about a circle, when each side of the 
figure is a tangent to the circle. 




PROBUBMS ON TEIANOLES AND CIRCLES. 

Problem 25. 

To arewmseribe a circle abend a giwn triangle. 



Let ABC be the triangle, about which a circle is to be 
drawn. 

Construction. Bisect AB and AC at rt. angles by DS and 
ES, meeting at 8. 2. 

Then 8 is the centre of the required circle. 


Proof. Now every point in D8 is equidistant from A 
and B; ^ 

and every point in E8 is equidistant from A and C ; 

8 is equidistant from A, B, and C. 

With centre 8, and radius 8A describe a circle ; this will 
pass through B and C, and is, therefore, the required circum- 
circle. * 


Obsi. It will be found that if the given triande is acute- 
angled, the centre of the circum-circle falls within it: if it 
is a right-angled triangle, the centre falls on the hypotenuse : 
if it is an obtuse-angled triangle, the centre falls without the 
triangle. 

Nom From page 94 it is seen that if 8 is joined to the middle 
point of BC, then the joining line is perpendicular to BC. 

Benci the perpemltculare dratm to the eidee of a tria/ngkflvm their 
mi^e points are concurrent, the point of ii^erssxiwn being the centre 
qf ih^ eirde drcumscribed aboiu the iria/ngtfy 
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Problem 26. 

To inscribe a drde in a given tiiangle. 


A 



Let ABC be the triangle, in which a circle is to be inscribed. 

Construction. Bisect the z.*ABC, ACB by the st. lines Bl, 
Cl, which intersect at I. Trob. 1. 

Then I is the centre of the required circle. 

Proof. From I draw ID, IE, IF perp. to BC, CA, AB. 

Then every point in Bl is equidistant from BC, BA; Prob. 15. 

ID = IF. 

And every point in Cl is equidistant from CB, CA ; 

ID = IE. 

ID, IE, IF are all equal. 

With centre I and radius ID draw a circle ; 
this will pass througl^the points E and F. 

Also the circle will touch the sides BC, CA, AB, 
because the angles at D, E, F are right angles 
the 0 DEF is inscribed in the A ABC. 

Notb. From ll.,p.96 it is seen that if Al is joined, then Al bisects 
the angle BAC : hence it follows that 

The bisectors of the angles of a triangle are concurrent^ the point of 
intersection being the centre of the inscribed circle* 

Definition. 

A circle which touches one side of a triangle and the other 
two sides produced is called an escribed circle of the triangle. 
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Problem 27. 

To draw an escribed circle of a given triangle. 



Let ABC be the given triangle of which the sides AB, AC are 
produced to D and E. 

It is required to describe a circle touching BC, and AB, AC 
produced. 

Constructioii. Bisect the CBD, BCE by the st. lines BIj, 
Clj which intersect at Ij. 

Then Ij is the centre of the required circle. 

Proof. From Ij draw I^F, IjG, IjH perp. to AD, BC, AE. 

Then every point in 81, is equidistant from BD, BC ; Frck. 16 

.-. liF = liQ. 

Similarly IjG = IjH. 

IjF, IjG, are all equal. 

With centre, h and ramus IjF describe a circle ; 
this will pass through the points G and H. 

Also Ae circle will touch AD, BC, and AE, 
because the angles at F, G, H are rt. angles, 
the O FGH is an escribed circle of the A ABC. 

Noth 1. It, is clear that every triangle has three escrjbed circles. 
Their centres are known as the Ex-f^ntres. 

Note 2. It may be shewn, as in 11., page 96, that if Alj is joined, 
then All bisects the angle BAG : hence it follows that 

The bisectors of exterior angles of a triaiiqle and the bisector of the 
third angle are concurrent, the point of intersectum be%ng thetentre qf an 
escribed circle* 
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Problem 28. 

In a given circle to inscribe a triangle equiangular to a given 
triangle. 



Let ABC be the given circle, and DEF the given triangle. 

Analysis. A A ABC, equiangular to the A DEF, is inscribed 
in the circle, if from any point A on the two chords AB, AC 
can be so placed that, on joining BC, the z. B = the L E, and 
the LC = the lF; for then the z.A»the aD. Theor. 16. 

Now the L B, in the segment ABC, suggests the eqml angle 
between the chord AC and the tangent at its extremity 
{Theor. 49.) ; so that, if at A we draw the tangent GAH, 
then the l H AC = the a E ; 
and similarly, the a GAB = the A F. 

Reversing these ^ps, we have the following construction. 

* * 

Construction. At any point A on the 0°® of the OABC 
draw the tangent GAH. Prob. 

At A make the a GAB equal to the a F, 
and make the a HAC equal to the a E. 

Obin BC. ^ 

Then ABC is the required triangle. 

Note. Jh drawing the figure xm a larger soalt the student should 
shew the construction lines for the tangent GAH and for the angles 
GAB, HAC. A sunilar remark applies to the next ^blem. 
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Problem 29. 

About a given circle to drcumsaibe a triangle equiangular to 
a given triangle. 



ms H 


Let ABC be the given circle, and DEF the given triangle. 

Analysis. Suppose LMN to be a circumscribed triangle in 
which the z. M = the l E, the z. N = the l F, and consequently, 
the z.L~the lD, 

Let us consider the radii KA, KB, KC, drawn to the points of 
contact of the sides; for the tangents LM, MN, NL could be 
drawn if we knew the relative positions of KA, KB, KC, that is, 
if we knew the l* BKA, BKC. 

Now from the quad^ BKAIVI, since the L* B and A are rt. L\ 
the L BKA = 180** - M = 180** - E ; 

similarly the L BKC = 180® - N « 180® - F. 

Hence we have the following construction. 

Construction. Produce EF both ways to G and H. 

Find K the centre of the OABC, 
and draw any radius KB. 

At K make the l BKA equal to the L DEG ; 
and make the l BKC equal to the l DFH. 

Through A, B, C draw LM, MN, NL perp. to KA, KB, KC. 

Then LMN is the requirea tnangle. 

[The student shotld now arrange the proof synthetically^ 
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EXERCISES. 

On Ciucles and Triangles. 


{Inscriptiom and Circumscriptions,) 

1. In a circle of radius 5 cm. inscribe an equilateral triangle ; and 
about the same circle circumscribe a second equilateral triangle. In 
each case state and justify your construction. 

2. Draw an equilateral triangle on a side of 8 cm., and hud by 
calculation and measurement (to the nearest millimetre) the radii of the 
inscribed, circumscribed, and escribed circles. 

Explain why the second and third radii are respectively double and 
trebl^e of the first. 

3. Draw triangles from the following data : 

(i) a=2*5", B=66®, C=:50®; 

(ii) a=2'5", B=72°. 0=44“; 

(iii) a=2-5", B=4r, C=23“. 

Circumscribe a circle about each triangle, and measure the radii to 
the nearest hundredth of an inch. Account for the three results being 
the same, by comparing the vertical angles. 

4. In a circle of radius 4 era. inscribe an equilateral triangle. 
Calculate the length of its side to the nearest millimetre ; and verify by 
measurement. 

Find the area of the inscribed equilateral triangle, and shew that it 
is one quarter of the circumscribed equilateral triangle. 

5. In the triangle ABC, if i is the centre, and r the length of the 
radius of the in-oircle, shew that 

AIBC=iar; AICA=J6r; AlAB=Jcr. 

Hence prove’^that A ABC = i (a + & + c) r. 

Verify this formula by measurements for a triangle whose sides are 
9 cm., 8 cm., and 7 cm. 

6. If rj is the radius of the ex-circle opposite to A, prove that 

A ABC=J(6+c -a)ri. 

If a=5 cm., 6=4 cm., <;=3 cm., verify this result by measurement. 


7. Find by measurement the circum-radius of the triangle ABC in 
which a=6*3cm., 6=3*0 cm., and c=5*l cm. ' 

Draw and measure the perpendiculars from A, B, C to the opposite 
sides. If their lengths are represented by p^ verify the foUowing 
statement :• 
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EXERCISES. 

On Circles and Squares. 

(Inscriptions and Circumscriptions.) 

1. Draw a circle of radius 1 *5", and find a construction for inscribing 
a square in it. 

Calculate the length of the side to the nearest hundredth of an inch, 
and verify by measurement. 

Find the area of the inscribed square. 

2. Circumscribe a square about a circle of radius 1 *5" shewing all 
lines of construction. 

Prove thati the area of the square circumscribed about a circle is 
double that of the inscribed square. 

3. Draw a square on a side of 7*5 cm., and state a construction for 
inscribing a circle in it. 

Justify your construction by considerations of symmetry. 

4. Circumscribe a circle about a square whose side is 6 cm. 

Measure the diameter to the nearest millimetre, and test your 

drawing by calculation. 

5. In a circle of radius 1 *8" inscribe a rectangle of which one side 
measures 3 0". Find the approximate length of the other side. 

Of all rectangles inscribed in the circle shew that the square has the 
greatest area. 

6. A square and an equilateral triangle are inscribed in a circle. 
If a and 6 denote the lengths of their sides, shew that 

3a2=262 

7. ABCD is a square inscribed In a circle, and P is any point on the 
arc AD : shew that the side AD subtends at P an angle three times as 
great as that subtended at P by any one of the other sides. 

(Problems. State your construction^ and give a theoretical proof.) 

8. Circumscribe a rhombus about a given circle. 

9. Inscribe a square in a given square ABCD, so that one of its 
angular points shall bi at a given point X in AB. 

10. In a given square inscribe the square of minimum area. 

11. Describe (i) II circle, (ii) a square about a given rect^gle. 

12. Inscribe (i) a circle, (ii) a square in a given quadrant. 



OKOUBIRT. 


ON OUtOLES AND BBGULAIt POI.TGONS. 


Probi*bm 30. 


To draw a regular pdygm (i) in (ii) alwlit a gtm drcle. 

Let AB, BC, CD, ... be Gonseoutive 
sides of a regular polygon inscribed in 
a circle whose centre is O. 

Then AOB, BOC, COO, ...are con- 
gruent isosceles triangles. And if 
the polygon has n sides, each of the 

i.* AOB, BOC, COD, . . . -. — . 

n 

(i) Thus to inscribe a polygon of n sides in a given circlej 

OCA* 

draw an angle AOB at the centre equal to This gives 

" the length of a side AB; and chords equal to AB may now be 
set off round the circumference. The resulting figure will 
clearly be equilateral and equiangular* 

(ii) To circumscribe a polygon of n sides about the circle, 
the points A, B, C, D, ... must be determined as before, and 
tangents drawn to the circle at these points. The resulting 
figure may readily be proved equilateral and equiangular. 



Note. This method gives a strict geometrical constructum only when 
the angle can be drawn with ruler and compasses. 


EXERCISES. 

1. Give strict constructions for inscribing in a circle (radius 4 cm.) 
(i) a regular hexagon ; (ii) a regular octagon ; (iii) a regular dodecagon.. 

2. About a circle of radius 1*5" circumscribe 

(i) a regular hexagon ; (ii) a regular octagon. 

Test the constructions by measurement, and justify them by proof. 

3. An equilateral triangle and a regular bexa|on are inscril^d in a 
given circle, and a and b denote the lengths of their sides : prove that 

(i) area of triangle (area of hexagon) ; (ii) a®:s:35*. 

4. By n^ns of your protractor inscribe a regular heptagon in a 
circle of radius 2". Galculate and measure one of its angms; and 
measure the lengthuof a side. 
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Problkm 31. 

|o draw a ekde (i) ia (u) alK>ut a regtOar fciygm. 

Let ie, BC, CD, DE,:..be con- 
gecutiveTsides of a regular polygon 
of n sides. 

Bisect . the /.'ABC, BCD by BO, a 
CO meeting at 0. 

Then O is the centre both of the 
inscrvbed and circumscribed circle. 

Outline of Proofi Join OD; and from the congruent 
.jA'OCB, OCD, shew that OD bisects the /.CDE. Hence we 

conclude that , , , , j i 

AU the bisectors of the angles of the polygon meet cK O. 

(i) Prove that OB=OC=OD«=...; from Theorem 6. 

Hence 0 is the circum-centre. 



(ii) Draw OP, 00, OR, ... perp. to AB, BC, CD, ... . 

Prove that 0P= 00= OR = ; from the congruent A OBP, 

OBO,.... Hence 0 is the in-centre. 


EXHRCISES. 

1. Draw a regular hexagon on a side of 2-<r. D«w the inscrib^ 
and circumscribed circles. Calou&te and measure their diameters to 
‘the nearest huntodth of an inch. 

2. Shew that the area of a regular hexagon inscribed in a circle is 
thrw-fourthc of that of the circumscribed hexagon. 

Find the area of a hexagon inscribed in a circle of radius 10 cm. to 
the nearest tenth of a sq. cm. 

3. If ABC is an isosceles triMigle inscriW In a circle, having each 
of the angles B and C4ouble of the ^le A ; shew that BC is a side of 
a regular pentagon inscribed in the circle. 

4. On a side of 4 cm. construct (without protractor) 

(i) a regular hexagon 5 (n) a regular octagon. 

In:^ case find the approximate area of the figure. 
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GEOMETRY. 


THE OIBOUMFERENOB OF A CIRCLE. 


By experiment and measurement it is found that the length 
of the circumference of a circle is roughly times the length of 
its diameter : that is to say 


circumfermce 

diameter 


3| nearly ; 


and it can be proved that this is the same for all circles. 

A more correct value of this ratio is found by theory to be 
3*1416 ; while correct to 7 places of decimals it is 3*1415926. 
Thus the value 3| (or 3*14^^) is too great, and correct to 2 
places only. 

The ratio which the circumference of any circle bears to its 
diametjjBr is denoted by the Greek letter tt ; so that 
circumference = diameter x ir. 

Or, if r denotes the radius of the circle, 

circumference = 2f x r =* 27rr ; 

where to w we are to give one of the values 31, 3*1416, or 
3*1416926, according to the degree of accuracy required in 
the final result. 


Note. The theoretical methods by which ir is evaluated to any 
required degree of accuracy cannot be explained at this stage, but its 
value may be easily verified by experiment to two decimal places. 

For example : round a cylinder wrap a strip of paper so that the 
ends overlap. At any point in the overlapping area prick a pin 
through both folds. Unwrap and straighten the strip, then measure 
the distance between the pin holes ; this gives the length of the circum- 
ference. Measure the diameter, and divide the first result by the second. 


Ex. 1. From these data 
find and record the value 

of IT. 

Find the mean of the 
three results. 


Ex. 2. A fine thread is wound evenly round a cylinder, and it is 
foupd that the length required for 20 complete turns is 76*4". The 
diameter of the cylmder is 1 *2" : find roughly the value of ir. 

Ex. 3. 'A bicycle wheel, 28" in diameter, makes 400 revolutions 
in travelling over 977 yards. From this result estimate the value of r. 


Circumference. 

Diameter. 

Value or ir. 

16*0 cm. 

8*8" 

13*5'^ 

5*1 cm. 
2*8" 

4*.r ' 





CIRCUMFERENCE AND AREA OF A CIRCLE. 
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THE AREA OF A CIRCLE. 

Let AB be a side of a polygon of 
n sides circumscribed about a circle 
whose centre is 0 and radius n Then 
we hare 

Area of polygon 
= w . A AOB 
= /i.^ABxOD 
= ^ . ?iAB X r 

= ^{perimeter of polygon) x r ; 
and this is t»ue however many sides the polygon may have. 

Now if the number of sides is increased without liii^jt, the 
perimeter and area of the polygon may be made to differ from 
the circumference and area of the circle by quantities smaller 
than any that can be named ; hence ultimately 
Area of circle = | . circumference x r 
« A . 27rr X r 



ALTERNATIVE METHOD. 



Suppose the circle divided into any even number of sectors having 
equal central angles : denote the number of sectors by n. 

Let the sectors be placed side by side as represented in the diagram ; 
then the area of the circle —the area of the fig. ABCD ; 
and this is true how|ver great n may be. 

Now as the number of sectors is increased, each arc is decreased ; 
BO that (i) the outlines AB, CD tend to become straight^ and 

.. * . j i.j„j A- 1 -.1^- 
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Thus when n is increased without limit, the fig. ABCD ultimately 
beccmes a rectangle^ whose length is the ami-drcumference of the circle^ 
and whose breadth is its radius. 

Area of cirde = J . circumference x radius 
=rj. 2irrxr=irr®. 


THE AREA OF A SECTOR. 



If two radii of a circle make an angle of T, they cut off 
(i) an arc whose length of the circumference ; 
and (ii) a sector whose area=^i^ of the circle; 

.’.if the angle AOB contains^ D degrees, then 

(i) the arc AB “ ^ drcvmfereue ; 

(ii) the sector AOB = ^ of the area of the circle 

* circumference x radius) 

kBxradius, ’ 

TBE AREA OF A SEGMENT. 

area of a minor sement is found by subtracting from 
the corresponding sector tne area of the triangle formed by 
the chord and the radii. Thus 

Area of segmerU ABO « sector OACB - triangle AOB. 

'life 

The area of a major segment is most simply found by 
subtractfng the area of the corresponding minor segment from 
the area of the circle. 



GIRCUMF£R£NO£ AND AREA OF A CIRCLE. 
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EXERCISES. 

[In tack cast choose the value of t so as to give a ressdt of the assignea 
degree of accuracy.] 

1. 1*111(1 to the nearest millimetre the circumferences of the circles ' 
whose radii are (i) 4*6 cm. (ii) 100 .cm. 

2. Find to the nearest hundredth of a square inch the areas of the 
circles whose radii are (i) 2 ‘3". (ii) 10*6". 

3. Find to two places of decimals the circumference and area of a 
circle inscribed in a square whose side is 3 ‘6 cm. 

4. In a cii^le of radius 7'0 cm. a square is described : find to the 
nearest square centimetre the difference between the areas of the circle 
and the square. 

5. Find to the nearest hundredth of a square inch the area of the 
circular ring formed by two concentric circles whose radii are 5*7" and 
4*3" 


6. Shew that the area of a ring lying between the circumferences of 
two concentric circles is eciual to the area of a circle whose radius is 
the length of a tangent to the inner circle from any point on the outer. 

7. A rectangle whose affiles are 8*0 cm. and 6*0 cm. is inscribed in a 
circle. Calcukte to the nearest tenth of a B(juare centimetre the total 
area of the four segments outside the rectangle. 

8. Find to thdhiearest tenth of an inch the side of a square whose 
area is equal to that of a circle of radius 5". 

9. A circular ring is formed by the circumference of two concentric 
circles. The area of the ring is 22 ^uare inches, and its width is 1 'O'' ; 
taking ir as find approximately the radii of the two circles. 

10. Find to the nearest hundredth of a square mch the difference 
between the areas of the circumscribed and inscribed circles of an 
equilateral triangle each of whose sides is 4". ^ 

11. Draw on squared paper two circles whose centres are at the 
points (1*5", 0) and (0, *8")f and whose radii are respectively *7" and 
1 *0". Prove that the circles touch one another, and find approximately 
their circumferences and areas. ^ 

12. Draw a circle of radius 1*0" having the point (1*6", 1*2") as 
centrd. Also draw two circles with the origin as centre and of radii 
1*0" $nd 3*0^' respettively. Shew that each of the last |wo circles 
touches the first. 
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EXERCISES. 

On the Tnscribicd, Circumscribed, and Escribed Circles of k 
Triangle. 

{Theoretical.) 

1. Describe a circle to touch two parallel straight lines and a third 
straight line which meets them. Shew that two such circles can be 
drawn, and that tliey are equal. 

2. Triangles which have equal hoses and equal vertical angles have 
equal circumscribed circles. 

3. ABC is a triangle, and I, S are the centres of the inscribed and 
circumscribed circles ; if A, I, S are collinear, shew that AB=AC. 

4. The sum of the diameters of the inscribed and circumscribed 

circles of a right-angled triangle is equal to the sum of the sides con- 
taining the right angle. ^ 

6. If the circle inscribed in the triangle ABC touches the sides 
at D, E, F ; shew that the angles of the triangle DEF are respectively 

90- 90-|, 90-| 

6. It I is the centre of the circle inscribed in the triangle ABC, 

and I, the centre of the escribed circle which touches BC ; shew that 
I, B, Ij, C are concyclic. * 

7. In any triangle the difference of two sides is equal to the 

difference of the segments into which the third side is divided at the 
point of contact of the inscribed circle. * 

8. In the triangle ABC, I and S are the centres of the inscribed and 
circumscribed circles ; shew that IS subtends at A an angle equal to 
half the difference of the angles at the base of the triangle. 

Hence shew that if AD is drawn |)erpendicu]ar to BC, then AI is the 
bisector of the angle DAS. 

%. The diagonals of a quadrilateral ABCD intersect at 0 : shew 
that the centres of the circles circumscribed about the four triangles 
AOB, BOC, COD, DOA are at the angular points of a parallelogram. 

10. In any triangle ABC, if I is the centre of the inscribed circle, 
and if AI is produced to meet the circumscribed circle at O ; shew that 
O is the centre of the circle circumscribed about the triangle BIC. 

11. Given the base, altitude, and the radius of the circumscribed 
circle ; construct the triangle. 

12. Three circles whose centres are A, B, C touch one another 
externally ‘two by two at D, E, F : shew that the inscribed circle of 
the triangle ABC is the circumscribed circle of the triangle DEF. 



IBE ORTHOCENTRE OF A TRIANGLE. 
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THEOREMS AND EXAMPLES ON CIRCLES AND 
TRIANGLES. 

THE ORTHOCENTRE OF A TRIANGLE. 

I. ^ The perpendicvlars drawn from the vertices oj a triangle to ike 
opposite sides are concurrent. 

In the A ABC, let AD, BE be the 
perp" drawn from A and B to the opposite 
sides ; and let them intersect at 0. 

^ Join CO ; and produce it to meet AB at 

It is required to shew that CF is perp. 

to AB. 

Join DE. 

Then, because the L'OEC, ODC are rt. 
angles, 

the points 0, E, C, D are concyclio : 

.*. the Z. DEC = the L DOC, in the same segment ; 

= the vert. opp. Z-FOA. 

Again, because the Z.*AEB, ADB are rt. angles, 
the points A, E, D, B are concyclic : 
the 2- DEB = the Z.DAB, in the same segment. 

the sum of the Z-* FOA, FAO=the sum of the Z-* DEC, DEB 
=a rt. angle: 

the remaining ZfAFO= a rt. angle : Theor. 

that is, CF is perp. to AB. 

Hence the three perp AD, BE, CF meet at the point 0. 

Q.E.D. 



Definitions. 

(i) The intersection of the perpendiculars drawn from the 
vertices of a triangle to the opposite sides is called its 

orth^ntre. 

(ii) The triangle formed by joining the feet of thS perpen 
dicnlars is called the nedal or orthocentric t riangle . 



GEOMETRY. 


n. In m actUe-an^kd ii^rtgk the perpendkdars draum from fi 
vertte^ to the opposite sides bisect the an^es of the pedcd triangle throng 
which they pass. 


In the acute-angled A ABC, let AD, BE, 

OF be the perp* drawn from the vertices to 
the opj^ite sides, meeting at the ortho- 
centre 0; and let OEF be the pedal triangle. 

It is required to jtrove that 

AD, BE, CF bisect respectively 
eAeA'FDE, DEF, EFD. 

It may be shewn, as in the last theorem^ 
that the points 0, D, C, E are concyclic ; 

/. the Z. ODE = the LOCE, in the same segment. 

Similarly the points 0, D, B, F are concyclic ; 

the Z.ODF=the Z.OBF, in the same segment. 

But the Z.OCE=the Z.OBF, each being the comp“ of the Z.BAO. 
the L ODE = the Z.ODF. 



Similarly it may be shewn that the L* DEF, EFD are bisected by 


BE and OF. 


Q.S.D. 


C^BOLLABT. (i) Every tm sides of the pedal triangle are equally 
indined to that side of the original triangle in which they meet. 

For the L EDO =the comp^ of the L ODE 
=the comp* of the Z.OCE 
=the Z.BAO. 

Similarly it may be shewn that the L FDB=the L BAC^ 
the L EDC= the Z. F DB = the Z. A. 


In like manner it may be proved that 

the Z-DECsthe Z.FEA=the Z.B, 
and the tDFB-the Z.EFA=:the Z.C. 


OoBOLiART. (ii) fhetrianaks DECj AEF, DBF are equiangular to 
one another and to the trkmgk 

Nokk. If the angle BAC iH obtuse^ then the perpendiculars BE, CF 
"bisect extmaUy the corre^pouding angles of the pe^ triangle. 


THB ORTHOCBNTRE OF A TRIANGLE. 


EXERCISES. 

1. IfOisth^ orthocentre of the triangK ABC and if tht ^rpendicudm 
AD is produced to meet the circum^circle in Q, prove that OD^ DQ, 

2. In an acvte-angled triangle the three sides are the external hise^em 
of the angles of the pedal triangle : and in an obtuse-angled triangle the 
sides containing the obtuse angle are the internal bisectors of the correspond- 
ing angles of the pedal triangle, 

3. If 0 is the orthocentre of the triangle ABC, shew thoU the angles 
BOC, BAC are supplementary, 

4. If 0 i^the orthocentre of the triangle ABC, then any one of the 
four points 0, A, B, C is tU orthocentre of the triangle whose vertices are 

, the other three, 

\ 

f 5. The three circles which pass through two vertices of a triangle and 
its orthocentre are equal to the circum-circle of the triangle. 

6. D, E are taken on the circumference of a semi-circle described 
on a given straight line AB : the chords AD, BE and AE, BD intersect 
(produced if necessary) at F and Q : shew that FQ is perpendicular 
to AB. 


7. ABC is a triangle, 0 is its orthocentre, and AK a diameter of the 
cifcum-circle : shew that BOCK is a parallelogram. 

8. The orthocentee of a triangle is joined to the middlb point of the 
base, and the joining line is produced to meet the circum-oircle ; prj0ve , 
that it will meet it at the same point as the diameter which passes 
through the vertex. 

9. The perpendicular from the vertex of a triangle on the bate, and 
the straight line loinmg the orthocentre to the middle point of the 
base, are produced to meet the circum-cirole at P and Q : shew that 
PQ is parallel to the base. 

10. The distance each vertex of a triangle frtm the orthocentre is 
double of the perpendkvlar drawn from ihe centre of the circum-dreU, to 
the opposite side, 

1 1. , Three circles arp described each passing through the orj^hocehtve 
.61 a tHangle and two of its vertices : shew that the triangle formed by i; 
Joining ^eir .oentrea^is equal in all respects to the original triangle* . 

Con^ruct a triangle, having given, a 
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LOCI. 

III. Given the base and vertical angle qf a triangle., find the locus of 
its orthocentre. 

Let BC be the given base, and X the 
, given angle ; and let BAC be any triangle 
on the base BC, having its vertical LA 
equal to the LX. 

Draw the perp» BE, CF, intersecting at 
the orthocentre 0. 

It is required iojind the locus of 0. 

Proot Since the L® OFA, OEA are rt. 
angles, B C 

the points 0, F, A, E are concyclic ; ’ 

the L FOE is the supplement of the L A ; 
the vert. opp. LBOC is tne supplement of the LA. 

But the LA is constant, being always equal to the LX ; 

its supplement is constant ; 

that is, the ABOC has a fixed base, and constant vertical angle ; 
hence the locus of its vertex 0 is the arc of a segment of which BC is 
the chord. 

IV. Given the base and vertical angle of a triangle^ find the locus of 
the in-centre. 

Let BAC be any triangle on the given 
base BC, having its vertical angle equal to 
the given LX; and let Al, Bl, Cl be the 
bisectors of its angles. Then i is the in- 
centre. 

It is required to find the locus oj 1. 

Proof. Denote the angles of the AABC 
by A, B, C ; and let the LBIC be denoted 
byl. 

Then from the ABIC, 

(i) I + iB + iP = two rt. angles ; Thear. 16. 

and from the AABC, 

A+B + C=two rt. angles ; 

(ii) so that JA + JB + JC = one rt. angle. 

.*. , taking the differences of the equals p (i) and (ii), 

I - JA=one rt, angle : 
or, I =one rt. angle + JA. 

But A is fijonstant, being always equal to the LX ; 

.*. I is constant : 

/. the locus of I is the arc of a segment on the fixed chord BC. 





EXERCISES ON LOCI. 
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EXERCISES ON iJOCh 

1. Given the base BC and the vertical angle A of a triangle ; find 
the locus of the ex-centre opposite A. 

2. Through the extremities of a given straight line AB any two 
parallel straight lines AP, BQ are drawn ; find the locus of the inter- 
section of the bisectors of the angles PAB, QBA. 

3. Find the locus of the middle points of chords of a circle drawn 
through a fixed point. 

Distinguish between the cases when the given point is within, on, 
or without the circumference. 

• 

4. Find the locus of the points of contact of tangents drawn from 
a fixed point to a system of concentric circles. 

6. Find the locus of the intersection of straight lines which pass 
through two fixed points on a circle and intercept on its circumference 
an arc of constant length. 

6. A and B are two fixed points on the circumference of a circle, 
and PQ is any diameter: find the locus of the intersection of PA 
and QB. 

7. BAG is any triangle described on the fixed base BC and having 
a constant vertical angle ; and BA is produced to P, so that BP is 
equal to the sum of the sides containing the vertical aqgle : find the 
locus of P. 

8. AB is a fixed chord of a circle, and AC is a moveable chord 
passing through A : if the parallelo^m CB is completed, find the 
locus of the intersection of its dia^nals. 

• 

9. A straight rod PQ slides between two rulers placed at right 
angles to one another, and from its extremities PX, QX are drawn 
perpendicular to the rulers : find the locus of X. 

10. Two circles intersect at A and B, and through P, any point on 
the circumference of one of them, two straight lines PA, PB are 
drawn, and produced if necessary, to cut the other circle at X and ¥ : 
find the locus of the intersection of AY and BX. 

11. Two circles intersect at A and B ; HAK is a fixed strai^t line 
drawn through A amd terminated by the circumferences, and rAQ is 
any other straight line similarly drawn: find the locus of the inter* 
section of HP and QK. 
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simson’s line. 

, V. TAe feet of the perpendicidare drawn to the three sides of a 
triangle from any point on its eircim-cirde are coUinear. 

Let P be any point on the circnm-cirole of 
the A ABC ; and let PD, PE, PF be the perps. 
drawn from P^ the sides. 

It is required to prom thai the points D, E, F 
are coUinear, 

Join FE and ED : 

then FE and ED will be shewn to be in the 
same straight line. 

Join PA, PC. 

Proof. Becanse the L* PEA, PFA are rt. angles, 
the points P, E, A, F are concyclic : 

/. the L PEF=the Z.PAF, in the same segment 
' =:the sup^ of the L PAB 
stheLPCD, 

since the points A, P, C, B are concyclic. 

Again because the L* PEC, PDC are rt. angles, 
the points P, E, D, C are concyclic. 
the L PED = the supp* of the L PCD 
=the supp* of the Z.PEF. 

FE and ED are in one st. line. 

Obs, The line FED is known as the Pedal or Simeon’s Une of the 
triangle ABC for the point P. 



EXERCISES. 

1. From any j>qint P on the circuzn-oircle of the triable ABC,^ 
perrondiculars PD, PF are drawn to BO and AB ; if FtJ, or FD 
produced, cuts AC at E, shew that P£ is perpendicular to AC. 

3. Bind the locus of a point which moves so that if per^ndiculars 
are drawn from it to the sides of a given triangle, their feet are 
oollinear. 

S.; ABO and AB'C^ are two triangles tidth a common apgle. and 
their ^rcixm-oiroles meiet again at P; shew that the feet of perpen<» 
dioitlaM dratm from P to the lines AB, AO, B'O^ are oollinear. . 

4^ 4 is inscrtbedin a obmle, and ahy p^t P<m the oironm'^ 
iereupe/il kdned to or^kOcentre m the tnamdes shew that this 
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TRIANGLE AND ITS CIRCLES. 


VI. p, E, F are the points of contact of the inscribed circle qf the 
triangle ABC, and D,, Ei, Fj the points of contact of the escribed mde^ 
which torches BC and the oihAr'side^ produced: a, b, c denote the length 
of the sides BC, CA, AB ; s the semimriimter of the triangle^ and r, r; 
the radtii of the inscribed and escribed drdss. 



Prove ihefoUowing equalities: 

(i) AE =AF =:a-a, 
BD =BF 
CD =CE =s-c. 


(ii) AEi =AFi =«, 

(iii) CDi=CEj — a ■“ 

BF j ^s " c. 

(iv) CD =BD|, and BD=cCDi. 


(V) EEi=FFi^a. - 
(vi) Tha.area of the AAl30»r^ 

f ) piaw the ab9ve figure in the oa$^ whe^^ b a 
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I ' * <*« ««««»•« «/ <A« c»rci« and 



Prove the/oHowing properties: ^ 

(i) The points A, I, Ij are cMinmr : so ore B, i;t tj ; and C, I, 1^ 

(ii) Theposnts I* A, I, are collinear; so are I 3 , B, Ij j and Ij, C, 
(Hi) The triangles BIA CI^A, AI,B ore eguiangnlar to o,ut another. 



THE TRUNGLE AND ITS CIRCLES. 
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EXERCISES. 

1. With the figure given on page 214, shew that if the circles whose 
centres are I, Ig, touch BC at D, D^, D2, D|, then 

(i) DDa=DiD3=6. (ii) DDj^DiDa^c. 

(iii) OJ)s=:h + c. (iv) DDi=6.ic.^ 

2. Shew that the orthocentre and vertices of a triangle are the cenWes 
X>f the inscribed and escribed circles of the pedal triangle. 

3. Given the base and vertical angle of a triangle^ find the locus of the 
centre of the escribed circle which touches the hose, 

4. Given the hose and vertical angle of a triangle^ shew that the centre 
of the circum-circle is fixed. 

5. Given the base BC, and the vertical angle A of the triangle, find 
the locus of the centre of the escribed circle which touches AC. 

6. Given the base, the vertical angle, and the point of contact with 
! the base of the in-circle ; construct the triangle. 

7. Given the base, the vertical angle, and the point of contact with 
the base, or base produced, of an escribed circle ; construct the triangle. 

S. I is the centre (f the circle inscribed in a triangle^ and Ij, I2, I3 the 
centres of the escribed circles; shew that llj, II2, II3 are bisected by the 
circumference of the circnm’Cirde. 

9. ABC is a triangle, and {2, I3 the centres of the escribed circles 
which touch AC, and AB respectively : shew that the points B, C, I2, Is 
lie upon a circle, whose centre is on the circumference o^ the circum- 
circle of the triangle ABC. 

10. With three given points as centres describe three circles touch- 
ing one another two by two. How many solutions will there be ? 

11. -* Given the centres of the tfiree escribed circles; construct the 

triangle. • ' ^ 

12. Given the centre of the inscribed circle, and the centres of two 
escribed circles ; construct the triangle. 

13. Given the vertical angle, perimeter, and radius of ^the inscribed 
circle ; construct the triangle. 

^ 14. Given the vertical angle, the radius of the inscribed circle, and 
the length of the perpendicuhr from the vertex to the base ; construct 
the triangle. 

16. In a triangle ABC, I is4/he centre of the inscribed circle ; shew 
that the centres of liie circles circumscribed about the triangles BIC, 
CIA, AIB lie on the circumference of the circle circumscribed ^Qt the 
given^' triangle. 
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ran NINE-POINTS dBca. 

pointi of ih, M 

AB, let^E, F ?C, C? 

to the* Wee fri A n r 
vJ be tbe orthocenf i * ”> C ; let 
““ddle points of OA, 6 b“o§ 

to prove 'that' 

“« ^> “• A r 
J®toXV.X2,X,,Ya.2a. 

«in*A2t2B*’’/i^e^®°> 

•••2«iep»r>to8b &“2,t’6i 

A»d from the A ABn since B2=2A, and BX-XC 

•■• "»‘•x2.^.S::^l''"“'"=• 

«-^i ^ X, V Z . 

“^nts of l®°Wrhr Kho a;.., 



pedal ^ ^ 
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Topr^thU > 

(| iht cemJtrt of the nine-points circle w the middle point of the 
etraigld l^e which joins the orthocentre to the drcum-centre. • 

(il) the radius of the nine-points circle is half the radius <f the 
circumrciide, 

(iii) the centroid is cdlinear with the drcum-centre, the nine-points 
centre^ and the orthocentre. 


In the* A ABC, let X, Y, 2 be the 
middle points of the sides ; D, E, F 
the feet of the perp*; O the ortho- 
centre; 8 and N the centres of the 
circumscribed and nine-points circles 
respectively. . 

(i) To prove that N is the middle 
point of 80. 4 • 

It may be shewn that the peim. to 
XD from its middle point bisects SO ; 

Theor. 

Similarly the perp. to EY at its 
middle point bisects 80 : „ ^ 

that is, these perp* mtersect at the middle point ot ou . 

♦ And since XD and EY are chords of the nine-points circle, ^ 

/. the intersection of the lines which bisect XD and ^ at 

fiATitre • Theor, 31, Lor. l. 

the centre N is the middle point of SO. q.b,d. 



(ii) T.o prove that the radius of the nine-points circU is half the 
radius of the drcum-cirde. 

By the last Proposition, Xo is a diameter of the nine-points circle, 
the middle point of Xa is its centre^ : 
but the middle point of 80 is aiso^the centre of the j 

Hence Xo and 80 bisect one another at N. 

Then from the A* SNX, ONa, 
f SN=ON, 

because-! and NX»Na, 

land the LSNX^sthe ^Oftfa; 

8X==0a 

=Att. 

And SX is also par* to Ao, 

SA^sKat 

But 8A is a radius of the o^um-cirole ; ^ 
tl|b of the nlne-^ints circle Is half t^e. radius of 
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(iii) To prove that the cerUroid is eoUirmr with points 8, N, 0. 


Join AX and draw ag par^ to SO. 

Let AX meet SO at Q. 

Then from the A AGO, since Aa=aO, 
and ag is par^ to OG, 

A^=^G. Ea?. 1, p. 64 

And from the A Xagf, since aN = NX, 
and NG is par^ to ag^ 

^=GX. 

/. AG=§ofAX; 

G is the centroid of the triangle ABC. 

7’Aeor.IIL,(7or„p.97- 

That is, the centroid is collinear with 
the points 8, N, 0. q.e.d. 



BXEBCISES. 

1. Given the hose and vertical angle of a triangle^ find the locvs oj the 
eeatre of the nine-points circle* 

2. The nine-points circle of any triangle ABC, whose orthocentre is 
0, is also the nine-points circle of each of the triangles AOB, BOC, 
COA. 

3. If I, Ip L Ia ere the centres of the inscribed and escribed circled 
of a triangle ABu, then the circle circumscribed about ABC is the 
nine-points circle of each of the four triangles formed by joining three 
of thepointali ii} tin Is- 

4 AH triangles which have the same orthocentre and the same 
circumscribed circle, have also the same nine-points circle, 

5. Given the base and verticalcangle of a triangle, shew that one 
angle and one side of the pedal triangle are constant. ^ 

6. Given the base and vertical angle of a triangle, find the locus of 
the centre of the circle which passes throim;h 'th6 three escribed 
centres. 

NoiU some other importsmt properties of the Nine-points 
Cixcte see Ibt. 54, page Slot 



ON SQUARES AND RECTANGLES IN CONNECTION 
WITH THE SEGMENTS OF A STRAIGHT LINE. 


THE GEOMETMOAL EQUIVALENTS OP CERTAIN 
ALGEBRAICAL FORMULJ:. 



Definitions., 


1. A rectangle ABCD is said to be 
contained by two adjacent sides AB, AD ; 
for these sides fix its size and shape. 


A rectangle whose adjacent ndes are AB, AD,is denoted by 
Oie red. AB, AD ; this is eqvdvalent to the product AB . AD., ■ 
Similar ly a square drawn on the side AB is denoted by 
tte sj. on AB, or AB''“. * 

2. If a point X is taken 'iu a ^ 
straight line AB, or in AB pi^uced, 

^en X is said to diyide AB into the 
two segments AK., XB; the segifiehts 


X. B 


Fig, I. 




’beinK hi either ewe the d^ta/nMjf . 
the t^ing p^ fhe ^emiHei 

; I%I%. 1, AB is said to be divided intoflially it X. . 
■ ti Fig. 2, AB divided eitomally at X.. 


B' X 
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GEOMETRY. 


Theorem 50. [Euclid IL 1.] 

If of two straight lines, one is divided into any number of partSy 
the rectangle contained by the two lines is eqml to the sum of the 
rectangles contained by the undivided line and the several parts of 
the divided line. 


A X V B 



a 

h 

c 

K 

h 

k 

k 


D E F C 


Let AB and K be the two given st. lines, and let AB be 
divided into any number of parts AX, XY, YB, which contain 
respectively a, b, and c units of length ; so that AB contains 
a-f-6 + c units. 

Let the line K contain k units of length. 

It is required to prove that 

the rect, AB, K«rect. AX, K + rect. XY, K + rect. YB, K , 
namdy that 

+ J + ai + JA + ck> 

Construction. Draw AD perp. to AB and equal to K, 
Through D draw DC par* to AB. 

Through X, Y, B draw XE, YF, BC par* to AD. 

Proof. The fig. AC - the fig. AE + the fig. XF + the fig. YO } 
and of these, by construction, ^ 

fig. AC rect. AB, K ; and contains (a + 6 + c)h units of area , 

ffig. AE ^.rect. AX, K ; and contains ak units of area j 

■ % XF-rect. XY, K; hk 

fig. YC-rect. YB, K; 

Hence 

the rect. A^ K*tect. AX, K+rect. XY, If^rect. YB, K; 
nr, . (a+5+c)i- ok + fii + ek. . 

QJLD. 
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, * CoROLLAEiES. QEuclid IL 2 and 3,] 

Two special cases of |;lus Theorem deserve attention. 

(i) When AB is divided only at one point X, and when the 
undivided line AD is equal to AB. 

A X B 


D EC 

Then the sq. on AB = the rect. AB, 'AX + the rect. AB, XB. 
That is. 

The square m the given line is equal to the sum of the rectangles 
contained by the whole line and eadi of the segments. 

Or thus : 

AB^=<AB.AB 
=AB(AX + XB) 

= AB.AX + AB.XB. 


(ii) When AB is divided at one point X, and when the 
undivided line AD is equal to one segment AX. 

A X B 


+ D EC 

Then the rect. AB, AX = the sq. on AX + the rect. AX, XB. 
That is, 

■The redangle contained by the whole line and one segment 
egval to Sie 'Square on &ai segment with the rectangle conMned 
me tu» segments. 

Or 'thus: 

AB.AX«(AX+XB)AX \ 

-Ax*+AX*xe., 


S'!!- 
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Theorem 51. [Euclid II 4.] 

If a straight line is divided internally at any point, the squat 
on the given line is equal to the sum of the squares on the two se^ 
mnts together with ttuice the recta7igle contained by the segments, 

A a X 6 B 


a 

H 

b 

0 F <5 C 

Let AB be the given st. line divided internally at X ; and let 
the segments AX, XB contain a and h units of length respectively. 

Then AB is the sum of the segments AX, XB, and therefore 
contains a+i units. 

It is required to prove that 

AB2=«AX2 + XB2 + 2AX.XB; 

namely that 

+ 52 ^ 2aJ. 

.Construction. On AB describe a square ABCD. From AD 
cut off AE equal to AX, or a. Then ED -= XB = h. Through E 
and X draw EH, XF par^ respectively to AB, AD and meeting 
at Q. 

Proof. Then the fig. AC « tffe figs. AG, GC + the figs. EF, XH. 
And of these, by construction, 

fig. AC is the sq. on AB, and contains {a + Vf units of area ; 

fig. AQ=sq. on AX, and contains units of area; 

fig. QC«8q. on XB, ...! ; 

^ fig. EF = rect. EG, ED 

«rect. AX, XB ah ; 

fig.XH«iect. GX, XB 

«*rect. AX, XB oJ 

Henee. AB^-AXHXB^+SAX.xtf; 
duttia, a* + i* + 2ai. 


(aV 

(ab) 

(ab) ^ 

(bV 
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Theorem 62. [Euclid II. 7.] 

If a straight line is divided externally at any point, the square 
on the given line is equal to the sum of the squares on the two 
diininished by twice the rectangle contained hy the 


ti ~ -B — 


a-b 

b 

(n-b)' 


c 

b 

\(6^) 


Let AB be the given st. line divided externally at X ; and let 
the segments AX, XB contain a and h units of length re^ 
spectively. 

Then AB is the difference of the segments AX, XB, and 
therefore contains a -b units. 

It is required to prove that 

AB2«AX2 + XB2-2AX.XB; 

mmely that {a - by =» _ 2ab, 

Construction. On AX describe a square AXGE. , From AE 
cut off AD equal to AB, or a - b. Then ED = XB = 6. Through 
D and B draw DF, BH par* respectively to AX, AE, meeting 
at C. 

Proof. Then the fig. AC *= thfi figs. AG, CQ - the figs. EF, XH. 

And of these* by construction, 

fig. AC is the sq. on AB, and contains (a - by units of area ; 

'fig. AG == sq. on AX, and contains a^ units of area ; 

fig. CG = sq. on XB, 6^ 

. fig. EF = rect. EG, ED 

=rect. AX, XB ab ; 

fig.XH = rect. GX, XB 

»rect. AX, XB ab 

Hence ^B^^AX^ + XB^- 2AX.XB; 

thatii^ (a-bY= a* + J* - 2o6. 

Q.EJ). 
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Theorem 63. [Euclid 11. 5 and 6.] 

The difference of the squares on two straight lines is equal to the 
rectangle contain^ by ihkr sum and difference. 



E HD 


Let the given lines AB, AC be placed in the same st. line^ 
and let them contain a and h units of length respectively; 


AB2 - AC® = (AB + AC) (AB - AC) ; 
namely (hat a® - 6® =(a+6){a-J). 


Construction. On AB and AC draw the squares ABDE, 
ACFG ; and produce CF to meet ED at H. 

Then QE=CB=o-J units. 


Proof. Now AB® - AC® = the sq. AD - the sq; AF 

=the rect. CD + the rect. QH 


That 18 


= DB.BC +QF.GE 

= AB.CB +AC..CB 

-(AB + AC)CB 
' =(AB + AC)(AB-AC), 

0^-6® «i(o+i)(o-J). 
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Corollary. If a straight line is bisected, and also divided 
{intern^ly or extermlly) into two unequal segments, the reSangle 
cordamed by these segments is eqml to the dijference of the squares on 
half the line and on the line between the points of section, 

^ y Y ^ A X » BY 

Fig. I. Fig. 2. 

That is, if AB is bisected at X and also divided at Y, inter- 
nally in Fig. 1, and externally in Fig. 2, then 

in Fig. 1, AY . YB = AX^ - XY^ ; 

in Fig. 2, AY . YB = XY^ - AX^. 

For in the first case, AY . YB = (AX + XY) (XB - XY) 

-(AX4-XY)(AX-XY) 

= AX2-XY2. 

The second case may be similarly proved. 

EXERCISES. 

. 1. Draw diagrams on squared paper to shew that the square on a 
straight line is 

(i) /owr-times the square on haif the line ; ^ 

(ii) nine- times the square on one-third of the line. 

2. ' Draw diagrams on squared paper to illustrate the following 
algebraical formulas : 

(i) (a?-F7)2=a;»+14ii+49. 

(4) (a + 6 + c)*=a®-i-&®+c®-H26c+2ccn-2a6. 

(iii) {a+h)(c-\’d)=ajc^-ad-{-he’\-hd, 

(iv) (a;+7)(aj-f-9)=a®-}*16a? + 63. 

3. In Theor. 50, Cor. (i), if AB~4 cm., and the fig. AE^fi’fi sq. cm., 
find the area of the fig. XC. 

4. In Theor. 60, Cor. (ii), if AX=2*r, and the fig. XC=3-36 sq. in., 
find aB. 

6. In Theor. 61’, if the fig. AQ=36 sq. cm., and the rect. AX, XB 
ss24 cm., find AB. , 

6. in llieorem 52| if the fig. AQ=9’61 sq. in., and the fig. DQ&=:6‘5I 
1 ^. in.^ find AB* * 

i [For further Examples on Theorems 60-53 see p. 230i] 

.. P 
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Theorem 64. [Euclid II. 12.] 

In an obiuse^nghd triangle, the square on the side subtending 
the obtuse angle is equal to the swn of the squares on the sides 
eorUaining ffie obtuse angle together with ttoice the rectangle con- 
tained by one of those sides and the projection of the other ffid e 
ujwn d. 



Let ABC be a triangle obtuse-angled at C ; and Jet AO be 
dravra perp. to BC produced, so that CD is the projection of, 
the side CA on BC. [See Def. p. 63.] 


AB2=BC2-|-CA*-1-2BC.CD. 


Eroof. Because BD is the sum of the lines BC, CD, 

BD2 = BC2 CD^ + 2BC . CD. Thm. 61. 
To each of these equals add DA^. 

Then BD* + DA* =-80* + (CD* + DA*) + 2BC . CD. 


But BD*-hDA*=.AB*'l 
and CD*+DA*=CA*/’ 


for the 4, D is a rt. 


L 


Hence AB*-BC*+CA* + 2BC.CD. 
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Theorem 55. [Euclid II, 13.] 

Ilk emery triangle the square on the side subtending an acute a/ngle 
is equal to the sum of the squares on the sides containing that ang§ 
diminislied by tvnce the rectangle contained by one of those sides 

and the projection of the other side upon it. 


A A 



Fig. I. Fig. 2. 


Let ABC be a triangle in which the iC is acute; and let 
AD be drawn perp. to BC, or BC produced ; so that CD is the 
. projection of the side CA on BC. 

It is required to prove that 

AB^ = BC" + CA2 - 2BC . CD. 


Proof. Since in both figures BD is the difference of the lines 

BC, CD. * 

BD* = BC* + CD* - 2BC . CD. Theor. 52. 

To each of those equals add DA*. 

Then BD* + DA*= BC* + (CD* + DA*) - 2BC . CD (i) 

ButBD*+DA*=AB*\ ^^OADisartA. 

and CD* + DA*=CA*/’ 


Hence AB* = BC* + CA* - 2BC . CD. 


QiSttD 



OKOMBTRY. 


Summary of Theorems 29, 54 and 55. 



(i) If the iLACB is obtuse^ 

AB2 » BC2 + CA2 + 2BC . CD. Thm. 54 

(ii) If the L ACB is a right angle, 

AB2 = BC2 + CA2 Thear,29. 

(iii) If the Z.ACB is acute, 

AB^ « BC2 + CA2 - 2BC . CD. Thear. 55. 


Observe that in (ii), when the lACB is right, AD coincides 
with AC, so that CD (the projection of CA) vanishes ; 

hence, in this case, 2BC . CD « 0. 

* 

Thus the three results may be collected in a single 
enunciation : 

The sqmre on a side of a triangle is greater than, equal to, or 
less than ffie mm of the squares on the other sides, according as the 
angle contained by those sides is obtuse, a right angle, or acute ; the 
difference in cases of inequality hdi^ twice the rectangle contained 
hy one of the two sides and the projection on it of the qther. 


EXERCISES. 

1. In a triangle ABC, a=:21 om., h-l1 cm., c^lO cm. By how 

many square centimetres does fall short of Hence or other- 

wise calculate the projection of AO on BC. 

2. ABO is an isosceles trian^ in which AB s; AC ; and BE is drawn . 
perpendicular to AO. Shew that BC®=2AC. OE. 

8w. Hi % AABC, shew that 

(i) if the A.Cs6(r, then +6* « oh; 

(ii) if the iLp«12D% then 
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Theorem 56. 

In my trimgle the smi of the 8qmres on two sides is equal to 
twice the square on half the third side together mth twice the square 
on the median which bisects the third side. 


A 



Let ABC be a triangle, and AX the median which bisects the 
base BC. 


AB2'4-AC2 = 2BX2 + 2AX2. 


Draw AD perp. to BC ; and consider the case in which AB 
and AC are unequal, and AD falls within the triangle. 

Then of the AXB, AXC, one is obtuse, and the other acute. 
Let the lAXB be obtuse. 


Then from the A AXB, 

AB2 = BX2 + AX2 + 2BX . XD. ' Thear. 54. 


And from the A AXC, 

AC2 = XC2 ^ AX2 - 2XC . XD. Thear. 65. 

p 

Adding these results, and remembering that XC»BX, 
we have 

AB2 + AC2 = 2BX2 + 2AX2. 


Q.E.D. 


Nom The proof may easily be adapted to the case in which the 
perpendicular Au falls outside the triangle. 


EXERCISE. 

In apy triahgleuhe d\ference of the squares on two sides is equat to 
twke the reetangle contained hy the base and the intere^ between the 
middle ^nt of the base and the foot qf the perpendicular drami from ■ 
the ieerHeal angle to the base. 
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GEOMETRY. 


EXERCISES ON THEOREMS 50 - 53 . 

1. Use the Corollaries of Theorem 50 to shew that if a straight line 
AB is divided internally at X, then 

AB2=AXa+XB2+2AX.XB. 

^ 2. If a straight line AB is bisected at X and produced to Y, and if 

AY . YB=8AX2, shew that AY=2AB. 

3. The sum of the squares on two straight lines is never less than 
twice the rectangle contained hy the straight lines. 

Explain this statement by reference to the diagram of Theorem 52. 
Also deduce it from the formula (a-6)*^=a*+62-2a2>. 

4. In the formula (a + 5) (a - &) = >- 52^ substitute a h = 

2 2 

and enunciate verbally the resulting theorem. 

5. If a straight line is divided internally at Y, shew that the 
rectangle AY, YB continually diminishes as Y moves from X, the mid- 
point of AB. 

Deduce this (i) from the Corollary of Theorem 53 ; 

(ii) from the formula 

6. If a straight line AB is bisected at X, a7id also divided (1) inter- 
mdlyy (ii) externally into two unequal segments at Y, shew that in either 

AY2 + YBa=2(AXa+XY2). [Euclid II. 9, 10.] 

[Proof of a*se (i). 

AYa+YBa=ABa-2AY. YB Theor. 51. 

=:4AX3-2(AX + XY)(AX-XY) 

=:4AXa-2 AX2-XY2) Theor. 53. 

=2AX2+2XY2 

Case (ii) may be derived from Theorem 52 in a similar way.] 

7 . If AB is divided internally at Y, use the result of the last 
example to trace the changes in the value of AY®+YB^, as Y moves 
from A to B. 

8 . In a right-angled triangle, if a perpendicular is drawn from the 
right angle to the hypotenuse, the square on this perpendicular is equal to 
the rectangle contaSned by the segments of the hypotenuse, 

9. ABC is an isosceles triangle, and AY is drawn to sut the base BO 

internally or externally at Y. Prove that ^ 

aV?=AC®-BY . YC, for internal section ; 
AY**:AC*+BY . YC, for external section. 



EXERCISES. 
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EXERCISES ON THEOREMS 54 - 66 . 

1. AB is a straight line 8 cm. in length, and from its middle point 
0 as centre with raHius 5 cm.' a circle is drawn ; if P is any point on 
the circumference, shew that 

AP+BP=82 sq. cm. 

2. * In a triangle ABC, the base BC is bisected at.X. If a =17 cm.^ 
6=16 cm., and c=8 cm., calculate the length of the median AX, ana 
deduce the LA. 

3. The base of a triangle =10 cm., and the sum of the squares on 
the other sides = 122 sq. cm. ; find the locus of the vertex. 

4. Prove that the sum of the squares on the sides of a parallelogram 
is equal to the sum of the squares on its diagonals. 

The sides ^f a rhombus and its shorter diagonal each measure 3^^ ; 
find the longer diagonal to within *0T'. 

5. In any quadrilateral the squares on the diagonals are together 
equal to twice the sum of the squares on the straight lines joining the 
middle points of opposite sides. [See Ex. 7, p. 64.] 

6. ABCD is a rectangle, and O any point within it ; shew that 

OA2+OC2=OB2+OD2 

If AB=6*0", BC=2*5" and OA2+OC*=21J sq. in., find the distance 
of 0 from the intersection of the diagonals. 

7. The sum of the squares on the sid^ of a quadrilateral is greater 
than the sura of the squares on its diagonals by four times the square 
on the straight line which joins the middle points of the diagonals. 

8. In a triangle ABC, the angles at B and C are actfte ; if BE, CF 
are drawn perpendicular to AC, AB respectively, prove that 

BC2=AB.BF+AC.CE. 

9. Three times the sum of the squares on the sides of a triangle is 
equal to four times the sum of th% squares on the medians. 

10. ABC is a triangle, and 0 the point of intersection of its 
medians: shew that 

AB2 + BC^ + CA2= 3 {OA2 + OB® + OC®). 

11. If a straight line AB is bisected at X, and also divided (inter- 
nally or externally) at Y, then 

AY® + YBa=2{AX2+XY®). [See p. 230 Ex. 6.] 

Prove this from Theorem 56, by considering a triangle CAB in the 
' limiting position when the vertex 6 falls at Y in the base AB. 

12. In a tria#gle ABC, if the base BC is divided at X so that 

mBX=wXC, shew that v. 

mABa+nAC®=mBX®+nXC*+(m+n)AX«. 



232 


GBOMBTRY. 


EECTANGLES IN CONNECTION WITH CIRCLES. 

Theorem 67. [Euclid III. 36.] 

If two chords of a circle cut at a point within the rectanglei 
contained by theif segments are equal. 



In the O ABC, let AB, CD be chords cutting at the interna] 
point X 

It is required to prove that 

the reel, AX, XB^the red. CX, XD. 

Let 0 be the centre, and r the radius, of the given circle. 
Suppose OE drawn perp. tp the chord AB, and therefore" 
bisecting it. 

Join OA, OX. 

FSroof. The rect. AX, XB = (AE + EX)(EB - gX) 

= (AE + feX)(AE-EX) 

= AEJ-EX* Them-.bZ. 

= (AE* + OE*) - (EX* •f-'OE*) 

=. r* OX*, since 

the z.' at E are rt. 4.*. 

Similarly it may be shewn that 

therect* CX, XD=r*-OX*. 
the rect. AX, XB^the rect CX, XD, 

GoBOtLABT. Each redgngle is sgual to the s^iare on Half the 
thord whiehie iiseeted ai ffu X. 
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Theorem 58. [Euclid III. 36.] 

If two chords of Of cirdCy when produced^ cut dt a povnt outside it, 
the recta/ngles cardained by their segments are e^l Ard each 
rectangle is egual to the sg^re on the tangent from the pcnnt of 
intersection. 



In the O ABC, let AB, CD be chords cutting, when produced, 
at the external point X ; and let XT be a tangent drawn from 
that point. 


It is required to prove that 

the reel AX, XB = the reel CX, XD = the sq. on XT. 

• Let 0 be the centre, and r the radius of- the given circle. 

' Suppose OE drawn perp. to the chord AB, and therefore 
bisecting it. 

Join OA, OX, OT. 


Proof. The rect. AX. XB = (EX + AE) (EX - EB) 

= tEX + AE)(EX-AE) 

= EX«-AE2 2%«or, 63 

= (EX2 + OE*)-(AE* + OE*) 

OX^ since 

the L* at E are rt, l\ 

Similarly it may be shewn that 

the rect. CX, XD == OX^ - r^, 

. And since the radius OT is perp. to the tangent XT, 

It XT2=iOX^~r2. Theor.%^^ 

the rect. AX, XB=tbe rect OX, XD«the sq. on XT. 

Q.E.P. 
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Theorem 59. [Euclid III 37.] 

If from a point outside a circle two straight lines are dram>, one 
of which cuts the circle, and the other meets it ; and if the rectangle 
contained by the whole line which cuts the circle and the part of U 
outside the circle is equal to the square on the line which meets the 
circle, then the line which meets the circle is a tangent to it 



From X a point outside the 0 ABC, let two straight lines 
XA, XC be drawn, of which XA cuts the circle at A and B, ahd 
XC meets it at C ; 

and let the rect. XA, XB= the sq. on XC. 

It is required to prof)e that XC touches the circle at C. 

Proof. Suppose XC meets the circle again at D ; 

then XA .*XB = XC . XD. Theor, 58. 

But by hypothesis, XA . XB = XC^ ; 

XC.XD = XC2; 

XD = XC. 

Hence XC cannot meet the tocle again unless the points of 
section coincide ; 

that is, XC is a tangent to the circle. 

Q.E.D. 


Note on Theokbms 57, 58. 

Remembering that the segments into which the chord AB is divided 
at X, internally in Theorem 67, and externally in Theorem *68, are 
in each case AX, XB, we may include both Theorems in a single 
enunciation. $ 

If any number of chords of a cirde are dramHhrough a given point 
within or 'imthout a cirde, the rectangles contained by the segments if the 
chords art equal. 
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EXERCISES ON THEOREMS 57 - 59 . 

{Numerical and Oraphical.) 

1. Draw a circle of radius 5 cm., and within it take a point X 
3 cm. from the centre O. Through X draw any two chords AB, CD. 

(i) Measure the segments of AB and CD ; hence fintl approximately 
the areas of the rectangles AX . XB and CX . XD, and compare the 
results. 

(ii) Draw the chord MN which is bisected at X ; and from the 
right-angled triangle OXM calculate the value of XIVl*. 

(iii) Find by how much per cent, your estimate of the rect. AX, XB 
differs from its true value. 

2. Draw a ijircle of radius 3 cm., and take an external point X 
5 cm. from the centre O. Through X draw any two secants XAd, XCD. 

(i) Measure XA, XB and XC, XD ; hence find approximately the 
rectangles XA . XB and XC . XD, and compare the results. 

(ii) Draw the tangent XT ; and from the right-angled triangle XTO 
calculate the value of XT^. 

(iii) Find by how much per cent, your estimate of the rect. AX, XB 
differs from its true value. 


3. AB, CD are two straight lines intersecting at X. AX =1*8", 
XB = 1*2", and CX=2*7". If A, C, B, D are concyclic, find the length 
of XD. 

Draw a circle through A, C, B, and check your result by measure 
ment. 

• 

4. A secant XAB and a tangent XT are drawn to a circle from an 
external point X. 

' (i) If XA=0-6", and XB=2*4", find XT. 

(ii) If XT = 7 *5 cm., an4XA = 4*5 cm., find XB. 

5. A semi-cifcle is drawn on a given line AB ; and from X, any 
point in AB, a perpendicular XM is drawn to AB cutting the circum- 
ference at M ; shew that 

AX.XB=MX8 

(i) If AX =2*5", and MX =2*0", find XB ; hence find the diameter 
of the semi-circle. 

(ii) If the radius of the semi-circle =3 *7 cm., and AX = 4 *9 cm., 
find MX. 

6. A point X moves within a circle of radius 4 cm., and PQ is any 

chord passing thrcu^ )^ ; if in all positions PX . XQ=12 sq. cm., find 
the locus of X. • 

What will the locus be if X moves outside the same circle, so that 
PX.XQ=20 8q. cm.? 
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EXERCISES ON THEOREMS 57-69. * 

( Theoretical. ) 

1. ABC is a triangle right-angled at C ; and from C a perpendicular 
CD is drawn to the hypotenuse : shew that 

^ AD.DB=CD2 

2. If two circles intersect, and through any point X in their 
common chord two chords AB, CD are drawn, one in each circle, shew 

AX.XB=CX.XD. 

3. Deduce from Theorem 58 that the tangents drawn to a circle 
from any external point are equal. 

4. If two circles intersect, tangents drawn to them*from any point 
in their common chord produced are equal. 

5. If a common tangent PQ is drawn to two circles which cut at A 

and B, shew that AB produced bisects PQ. • 

6. If two straight lines AB, CD intersect at X so that AX . XB 
=CX. XD, deduce from Theorem 57 (by reductio ad ahsurdum) that 
the points A, B, C, D are concyclic. 

7. In the triangle ABC, per^ndiculars AP, BQ are drawn from A 

and B to the opposite sides, and intersect at 0 : shew that . 

AO. OP=BO.Oa 

8. ABC is a triangle right-angled at C, and from C a perpendicular 
CD is drawij to the hypotenuse ; shew that 

AB.AD=AC2 

9. Through A, a point of intersection of two circles, two straight 
lines CAE, DAF are drawn, each passing through a centre and ter- 
minated by the circumferences : shfew that 

CA.AE = DA.AF. 

10. If from any external point P two tangents are drawn to a 
given circle whose centre is 0 and radius r ; and if OP meets the chord 
of contact at Q ; shew that 

OP.OQ=r» 

11. AB is a fixed diameter of a circle, and CD is peipendicular to 
AB (or AB produced) ; if any straight line is drawn from A to out CD at 
P and the circle at Q, shew that 

AP . AQ= constant. 

12. A,^is a fixed point, and CD a fixed straight line ; AP is am 
straight line drawn from A to meet CD at P; u in AP a point Q 
Is taken so that AP . AQ is constant, find the locus of Q. 
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EXERCISES ON THEOREMS 57-59. 

{Miscellaneous.) 

1. The chord of an arc of a circle=2c, the height of the arc=A, the 
radius =r. Shew by Theorem 57 that 

^(2r-.^)=c2 

Hence find the diameter of a circle in which a chord 24" long cuts off 
a segment 8" in height. 

2. Tte radius of a circular arch is 25 feet, and its height is 18 feet i 
find the span of the arch. 

If the height is reduced by 8 feet, the radius remaining the same, by 
how much will Jhe span be reduced ? 

Check your calculated results graphically by a diagram in which 1" 
represents 10 feet. 

.3. Employ the equation h{2r-h)=c^ to find the height of an arc 
whose chord is 16 cm., and radius 17 cm. 

Explain the double result geometrically. 

4. li d denotes the shortest distance from an external point to a 

circle, and t the length of the tangent from the same point, shew by 
Theorem 58 that d{d+2r)=t!‘. 

. Hence find the diameter of the circle when <i= 1*2", and <=2*4" ; and 
verify your result graphically. 

5. If the horizon visible to an observer on a cliff 330 feat above the 
sea-level is 224 miles distant, find roughly the diameter of the earth. 

Hence find the approximate distance at which a bright light raised 
66 feet above the sea is visible at the sea-level. 

6. If h is the height of an arc of fadius r, and h the chord of half the 

arc, prove that * 62=2rii. 

7. A semi-circle is described on AB as diameter, and any two chords 
AC, BD are drawn intersecting at P ; shew that 

AB»=AC.AP+BD.BP. 

8. Two circles intersect at B and C, and the two direct common 
tangents AE and DP are drawn ; if the common chord is produced to 
meet the tangents at Q and H, shew that 

QH*=AE*-f-BC* 

, % If from an ex&mal point P a secant PCD is drawn a circle, 
and PM, is perpendicular to a diameter AB, shew that 
PMa=*PC.PD+Af^-MB. 
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PROBLEMS. 

Problem 32. 

To draw a square equal in area to a given rectangle. 



X 


Let ABCD be the given rectangle. 

Construction. Produce AB to E, making BE equal to BC. 
On AE draw a semi-circle; and produce CB to meet the 
circumference at F. 

^Then BF is a side of the required square. 

Proof. Let X be the mid-point of AE, and r the radius of 
the semi-circle. Join XF. 

Then the rect. AC = AB.BE 

=:(r + XB)(r-XB) 

= r2-XB2 

= FB2, from the rt. angled A FBX. 

Corollary. To describe a square equal in area to any given 
rectilineal figure. 

Reduce the given figure to a triangle of equal area. Prob. 18. 

Draw a rectangle equivalent to this triangle. Proh. 17. 

Apply^to the rectangle the construction ^ven above. 



PROBLEMS ON CIRCLES AND RECTANGLES. 


239 


EXERCISES. 

1. Draw a I'ectangle 8 cm. by 2 cm., and construct a square of equal 
area. What is the length of each side ? 

2. Find craphically the side of a square equal in ar^ to a rectangle 
whose length and breadth are 3*0" and 1*6". Test your work by 
measurement and calculation. 

3. Draw any rentable whose area is 3*75 sq. in. ; and construct a 
square of equal area, ilmd by measurement and calculation the length 
of each side. 

4. Draw an equilateral triangle on a side of 3", and construct a 
rectangle of eqite.1 area [Problem 17.] Hence find by construction and 
measurement the side of an equal square. 

6. Draw a quadrilateral ABCD from the following data : A = 65°; 
AB=AD=9 cm.; BC=CD=5 cm. Reduce this figure to a triangle 
[Problem 18], and hence to a rectangle of equal area. Construct an 
equal square, and measure the length of its side. 

6. Divide AB, a line '9 cm. in length, internally at X, so that 
AX . XB=the square on a side of 4 cm. 

Hence give a graphical solution, correct to the first decimal place, of 
the simultaneous equations : 

• * a;+y=9, xy=\%, 

7. Taking as your unit of length, solve the following equations 
by a graphical construction, correct to one decimal figure : 

a7 + y=40, a:y=169. 

8. The area of a rectangle is 25 sq. cm,, and the length of one side 
is 7*2 cm. ; find graphically the length of the other side to the nearest 
millimetre, and test your drawing by calculation. 

9. Divide AB, a line 8 cm. in length, txternaMy at X, so that 
AX . XB=the square on a side of 6 cm. [See p.245.] 

Hence find a graphical solution, correct to the first decimal place, of 
the equations : a; - y=8, *y=36. 

10. On a straight line AB draw a semi-circle, and from any point P 
on the circumference draw PX perpendicular to AB. Join AP, rB, and 
djsnote these lines by x and y. 

Noticing that (i) a;®+y®=AB® ; (ii) ay=2AAPB=AB . PX ; devise a 
graphical solution of the equations : 

a;*+y* = 100, xy=25. 
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Problem 33. 

To divide a given straight line so that the rectomgle contained by 
the whole and one part may be equal to the square on the other part 


.yX a-x R 



Let AB be the st. line to be divided at a point X in such a 
way that AB.BX=AX2 


Construction. Draw BC perp. to AB, and make BC equal to 
. half AB. Join AC. * 

From CA cut off CD equal to CB. 

From AB cut off AX equal to AD. 

Then AB is divided as required at X. 


Proof. Let AB =» a units of length, and let AX « «. 


Then BX = a~aj; AD=a;; BC = CD»|. 


Now AB2 = AC^ ~ BC^ from the rt. angled A ABC ; 
i =(AC-BC)(AC + BC); 

that is, = a; (a; + a) 

=a;2+aaj. 


From each of £hese equals take ax; 
then a^-ax^x^; 

or, a(a-a;)»a;^ 

that is, AB.BX==AX^. 

EXERCISE. 

I^t AB be divided as above at X. ^ On AB, AX, 
and on opposite sides of AB, draw the squares i 
ABEF, AXQH ; and produce QX to meet FE at K.') 
Iq this diagram name rectangular figures equivalent^ 
^ a(a?+a), ax, and a(a~»). Hence illus- 

trate the above proof graphioaUy. 


H X 0 


^ X 

a-x 

B 



a 


F K E ^ 
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NotB. a straight line is sajd to be divided in Medial Section when 
the rectogle contained by the given line and one segment is equal to 
the square on the other segment. 

This division may be interned or external ; that is to say, AB may be 
divided internally at X, and externally at X', so that 


(i) AB.BX=AXa 

(ii) AB.BX'=AX'». 


To obtain X', the construction of p. 240 must be modified thus : 

CD is to be cut off from AC produced ; 

AX' from BA produced^ in the negative sense. 

Algebraical Illustration. 

If a st. line AB is divided at X, internally or externally, so that 
AB.BX=AX2, 

and if AB = a, AX=a:, and consequently BX=a“a:, then 

• a{a-x)=siS(^i 

tr, + 

and the roots of this quadratic, namely, and “ 

the lengths of AX and AX'. 

EXEttCISES. 

•m 

1. Divide a straight line 4" long internally in medial section. 
Measure the greater segment, and find its length algebraically, 

2. Divide AB, a line 2" long, externally in medial section at X'. 
Measure AX', and obtain its length algebraically, explaining the 
geometrical meaning of the negative sign. 

3. In the figure of Problem 33, shew that AC=^^. [Theor. 29.] 

Hence prove (i) AX - g ; (ii) AX' = - + gY 

4. If a straight line is divided internally in medial aectioik, md 
from t^e greater segment a part is taken equal to the less, shew ilbt 
the grater sesrment is also divided in medial section. 
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Problem 34. 



Construction. Take any line AB, and divide it at X, 

so that AB . BX = AX^. Prdb, 33. 


(This construction is shewn separately on the left.) 

With centre A, and radius AB, draw the 0 BCD ; 
and in it place the chord BC equal to AX. 

Join AC. 

Then ABC is the triangle required. 

Proof. Join XC, and suppose a circle drawn through A, X 
and C. 

Now, by Construction, BA . BX =» AX^ 

= BC2; 

BC touches the 0 AXC at C ; Theor, 69. 
the L feCX = the l XAC, in the alt. segment. 

To each add the lXCA; 
then the L BCA = the lX AC + the L XCA 
==the ext. lCXB. 

And the l BCA -the lCBA, for AB-AC. 

.\ theLCBX-theZ-CXB; 

CX«CB-AX, 
the L XAC- the L XCA j 
the ^XAC + the 2 .XCA-twice the lA « 

But die 4 ®ABC«the z.ACB«the z.XAC+the Z.XCA Prmd, 
-twice the lA 
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EXERCISES. 

1. How many degrees are there in the vertical angle of an isosceles 
triangle in which each angle at the base is double of tjie vertical angle 

2. Shew how a right angle may be divided into five equal parts by 
means of Problem 34. 


3. In the figure of Problem 34 point out a triangle whose vertical 
angle is three times either angle at toe base. 

Shew how such a triangle may be constructed. 


4. 

that 


If in the triangle ABC, the AB=the A C= twice the A A, shew 
BC \/5-l 


5. In the figure of Problem 34, if the two circles intersect at F, 
shew that 

(i) BC=CF ; 

(ii) the ciide AXC=the circum-circle of the triangle ABC ; 

(iii) BC, CF are sides of a regular decagon inscribed in the 

circle BCD ; 

(iv) AX, XC, CF are sides of a regular pentagon inscribed in 

the circle AXC. 


6. In the figure of Problem 34, shew that the centre of the circle 
circumscribed about the triangle CBX is the middle point of the 
arc XC. 

7. In the figure of Problem 34, if I is the in-centre of the triangle 
ABC, and I', 8° the in-centre and circum-centre of the triangle CBX, 
shew that S'l=8'l'. 

8. If a straight line is divided in medial section, the rectangle con- 
tained by the sum and difference of the segments is equal to the 
rectangle contained by the segments. 

9. If a straight line AB is divided internally in medial section at X, 

shew that BX’=3AX* 

Also verify thii^result by substituting the values given on page 241. 
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TtlE GRAPHICAL SOLUTION OF QUADRATIC EQUATIONS. 

From the following constructions, which depend on Problem 32, a 
gr aphical solution of easy quadratic equations may be obtained. 

I. To divide a straight line internally so that the rectangle contained 
by the segments may be equal to a given square^ 



A X' 0 X B D E 


Let AB be the st. line to be divided, and DE a side of the given 
square. 

Construction. On AB draw a semicircle ; and from B draw BF 
perp. to AB and equal to DE. 

From F draw FCC par’^ to AB, cutting the O®® at C and C'. 

From C, C' draw CX, C'X' perp. to AB. 

Then AB is divided as required at X, and also at X'. 

Proof. AX . XB=CXa Prob, 32. 

= BFa 
= DE3 

Similarly AX', X'B=DE2 

Application. The purpose of this construction is to find two straight 
lines AX, XB, having given their sum, viz. AB’, and their product, viz, 
the square on DE. 

Now to solve the equation 13a? +36=0, we have to find two 
numbers whose sum is 13, and whose product is 36, or 0^. 

To do this graphically, perform the above construction, making AB 
equal to 13 cm., and DE equal to n/ 36 or 6 cm. The segments AX, XB 
represent the roots of the equation, and their values may be obtained 
by measurement. 

Note. If the last tenn of the equation is not a perfect square, as in 
:®-7ar+ 11=^0, n/II must be first got by the arithmetical rule, or 
raphically by means of Problem 32. 
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n. To divide a straight line externally so that (he rectangle. cXyiftained 
by the segmeiits may he eqnjal to a given square. 



Let AB be the st. line to be divided externally, and DE the side of 
the given squ«-re. 

Construction. From B draw BF perp. to AB, and equal to DE. 
Bisect AB at 0. 

With centre 0, and radius OF draw a semi-circle to cut AB pro- 
duced at X and X'. 

Then AB is divided externally as required at X, and also at X'. 

Proof. AX . XB = X'B . BX, since AX = X'B, 

= BF2 Proh. 32. 

= DE2 

Application. Here we find two lines AX, XB, having given their 
difference, viz. AB, and their product^ viz. the square on D t. 

Now to solve the equation a;*- 6a;- 16=0, we have to find two 
numbers whose numerical difference is 6, and wliose product is 16, 
or 4*. 

To do this graphically, perform the above construction, making AB 
equal to 6 cm., and DE equal to \/l6 or 4 cm. The segments AX, XB 
represent the roots of the equq.tion, and their values, as before, may be 
obtained by measurement. 


EXERCISES. 

Obtain approximately the roots of the following quadratics by means 
of graphical constructions ; and test your results algebraically. 

1. a;®-10aj+16^=0. 2. 14a;+49=0. 3. 12a; +25=0. 

4. <«»-5«?-38=0. 6. a;»-7«-49=0. 6. 10a? +20=0 
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EXERCISES FOR SQUARED PAPER. 

1. ‘ A circle passing through the points (0, 4), (d, 9) touches the 
a?-axis at P, Calculate and measure the length of OP. 

2. With centre at the point (9, 6) a circle is drawn to touch the 
y-axis. Find the rectangle of the segments of any chord through 0. 

^ Also find the rectangle of the segments of any chord through the 
point (9, 12). 

3. Draw a circle (shewing all lines of construction) through the 
points (6, 0), (24, 0), (0, 9). Find the length of the other intercept on 
the y-axis, and verify by measurement. Also find the length of a 
tangent to the circle from the origin. 

4. Draw a circle through the points (10, 0), (0, 5), (0, 20) ; and 
prove by Theorem 59 that it touches the a;-axis. 

Find (i) the coordinates of the centre, (ii) the length of the radius. 

5. If a circle passes through the points (16, 0), (18, 0), (0, 12), shew 
by Theorem 58 that it also passes through (0, 24). 

Find (i) the coordinates of the centre, (ii) the length of the tangent 
from the origin. 

6. Plot the points A, B, C, D from the coordinates (12, 0), ( - 6, 0), 
(0, 9), (0, - 8) } and prove by Theorem 57 that they are concyclic. 

If f denotes the radius of the circle, shew that 
OA3+OB2+OC2+OD2=4r2. 

7. Draw a circle (shewing all lines of construction) to touch the 
y-axis at the point (0, 9), and to cut the-a;*axis at (3, 0). 

Prove that the circle must cut the a;-axi8 again at the point (27, 0) ; 
and find its radius. Verify your results by measurement. 

8. Shew that two circles of radius 13 may be drawn throi^h the 
point (0, 8) to touch the a?«axis ; and by means of Theorem 58 find the 
length of their common chord. 

9. Given a circle of radius 15, the centre being at the origin, shew 
how to draw a second circle of the same radius touching the given circle 
and also touching the a;-axi8. 

How many circles can be so drawn ? Me^ure the coordinates of the 
centre of that in the first quadrant. 

10. A, B, 0, D are four points on the a;-axisat distances 6, 9, 15, 25 
from the origin 0. Draw two intersecting circles, one through A, B, 
and the other through C, D, and hence aetermine a point r in the 
a;-axi8 such that 

PA.PB=PC.PD. 

Calculate and measure OP. ^ 

If the diftances of A, B, C, D from 0*a|*e a, &, c, d respectively, 
)rove that 

OP» {a6 - cd)/(a+5 « c * (i). 
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APPENDIX. 

ON THE FORM OF SOME SOLID FIGURES. 

{Rectangular Blocks.) 



is most familiar with 

IS that represented by a brick or slab of hewn stone. This 

Sm more 

■“ «»’' “W 

The faces are quadrilaterals : of what shape ? 

paSleff™ -^8 tW 

We may now sum up our observations thus : 

in « f^es; opiwsite faces being equal rectangles 

tn pamlLl planes. It has twelve edges, which fall into three 

and the height 

of the block. The four edges in each group are equal and 
parallel, and perpendicular to the two faces which th^ cut. 

mid height of a rectangular block are • 
called its three dimensions. ® 


A.X. dimensions of a rectangular block are eoiial anv 



SOLID FIGURES. CUBES. 
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A rectangular block whose length, breadth, and height are 
all equal is called a cube. Its surface consists of six equal 
squares. 

We will now see how models of these solids may be 
constructed, beginning with the cube, as being the simpler 
figure. 

Suppose the surface of the cube to be cut along the upright 
edges, and also along the edge HG ; and suppose the faces to 
be unfolded and flattened out on the plane of the base. The 
surface would then be represented by a figure consisting of six 
squares arranged as below. 


£ 

i G 

F Q 

G E C 


1 

1 

1 

1 1 

1 1 

1 4 



H D A 


B H 

1 

[) H 


This figure is called the net of the cube : it is here drawn 
•on half the scale of the cube shewn in outline above. 

To make a model of a cube, draw its net on cardboard. 
Cut out the net along the outside lines, and cut partly though 
along the dotted lines. Fold the faces over till the edges come 
together; then fl^t the edges. in position by strips of gummed 
paper. . 

Ex. 3* Make a model of a cube each of whose edges is ,6^0 cm. 
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Ex. 4. Make a model of a rectangular block, whose length is 
4", bifeadth 3", height 2" 

First draw the net which will consist of six rectangles arranged 
as below, and having the dimensions marked in the diagram. 





4 " 1 2 " 

3 " ; 

1 1 

1 1 

4 " 

3 " 3 " 

4 . 

2 " 

1 


// 

2 



Now cut the net out, fold the faces along the dotted lines, 
and secure the edges with gummed paper, as already explained. 

(Prims,) 

Let us now consider a solid whose side-faces (as in a rect- 
angular block) are rectangles, but whose ends (ie, base and 
top), though equal and parallel, are not necessarily rectangles,^ 
Such a solid is called a prism. 





The ends of a prism may be any congruent figures: 
these may be triangles, quadrilaterals, or polygons of any 
number of sides. The diagram represents two prisms, one on* 
a triangular base, the other on a pentagonal base. 

Ex. 5. Tlraw the net of a triangular prism, whose ends are 
equilateral triangles on sides of 5 cm., and whose side-edges measure 
7 cm. 
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(Pyramids.) 


S 



The solid represented in this diagram is called a pyramid. 

The base of a pyramid (as of a prism) may have any number 
of sides, but the side-faces must be triangles whose vertices are 
at the same point. 

V The particular pyramid shewn in the Figure stands on a 
\mre base ABCD, and its side-edges SA, SB, SC, SD are all 
equal. In this case the side faces are equal isosceles triangles ; 
and the pyramid is said to bo right, for if the base Is placed on 
a level table, then the vertex lies in an upright line through 
the mid-point of the base. 


Ex. 6. Make a model of a right pyramid standing on a square 
base. Each edge of the base is to measure 3", and each side-edge 
of the pyramid is to be 4". 

To make the necessary net, draw a 
square on a side of 3'^ This will form 
the base of the pyramid. Then on the 
sides of this square draw isosceles 
triangles making the equal sides in each 
triangle 4" long. 

Explain why the process of folding 
about the dotted lines brings the four 
vertices together. 
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Another important form of pyramid has as base an equi- 
lateiul triangle, and all the side edges are equal to the edges 
of the base. 



A‘ pyramid of this kind is called a regular tetrahedron 
(from Greek words meaning /owr/acerfh 


Ex. 7. Construct a model of a regular tetrahedion, each edge 
of which is 3" long. 

Ex. 8. What is the smallest number oi plane faces that will 
enclose a space ? What is the smallest number of cv/rved surfaces 
that will enclose a space ? 


{Cylinders.) 



Fio. 1. 


PiQ. 2. 


The solid figure here represented is called a cylinder. 


SOLID FIGURES. CYLINDERS. 


On examining the model of which the last diagram is a 
drawing, you will notice that the two ends are pkinej circulai) 
eqmlj and parallel, 

The side-surface is curved, but not curved in every 
direetton ; for it is evidently possible in one direction to rule -> 
straight lines on the surface : in what direction? 

Let us take a rectangle ABCD (see Fig, 2), and suppose it 
to rotate about one side AB as a fixed axis. 

What will BC and AD trace out, as they revolve about AB? 

Observe that CD will move so as always to be parallel to 
the axis AB, mid to pass round the curve traced out by D. . As 
;CD moves, it will generate (that is to say, trace mt) a surface, 
ij^^yhat sort of surface? 

We now see why in one direction, namely parallel to the . 
axis AB, it is possible to rule straight lines on the curved 
, surface of a cylinder. 


* It is easy to find a plane surface to represent the curved 
surface of a cylinder. 



. Cut a rectangular strip of paper, making the ‘width PQ 
equal to the height of the cylinder. Wrap the paper round 
the cylinder, and carefully mark off the length P8 that will 
Tnii.lfA the paper go exactly once round. Cut off all that 
overlaps j and then unwrap the covering strip. You have now 
a reotan^e representing the curved surface of the cylinder, 
and Wing t|>o same area. 




APPENBJX on solid PIOUKHS. 




Fio. 1 . 

W h 

drawing is given XvT'”'"® ^ of which 

then a cuwed'^fm wWortaS i^h^^ 

the base to a point abpve it called circumference < 

. «s je* • 

MB (Kj. 2 ), „, 

Will BC trace out as thp frio^ i f*^^d axis. Wha 

wU always pass, through the A( 

the curve traced out bv c i«To^ * ™ove rounc 

surface. What sort of^urface1°’“"’^®®’^‘'^“g«s 
dia^m is a wKd generate" bv°rt**°"® *®Presented in the 

-led triangle abouLeSeSji^^^^^^^ 

a^, “ ei^««.angled 
WPoIvingab^^oneS?”**”®*^^ V an oS%«e paraUelogram 



SOLID FIGURES. CONES. SPHERES. 
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The curved surface of a cone may be represented by a plane 
figure thus : 



Taking the slant-height AC of the cone as radius, draw a 
circle. Cut it out from your paper ; call its centre A ; and cut 
it along any radius AC. If you now place the centre of 
the circular paper at the vertex of the cone, you will find that 
you can wrap the paper rounji the cone without fold or crease. 
Mark off from the circumference of your paper the length CD 
that will go exactly once round the base of the cone ; then cut 
through the radius AD. We have now a plane figure ACD 
(called a sector of a circle) which represents the curved surface 
of the cone, and has the same area. 

(Spheres.) 

The last solid we have to consider is the sphere, whose 
shape is that of a globe or billiard ball. 

B 



Pia. 1. Pia. 2. 


We shall -realise its form more definitely, if we imagine 
a semi-circle AC& (Fig. 2) to rotate about its dian^pter as a 
fixed axis. Then, as the semi-circumference revolves, it 
generates the surface of a sphere. 
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APPENDS ON SOLID FIOURES. 


Now since all points on the semi-circumference are in •' 
all positions at a constant distance from its centre 0, we 
see that all points on the surface of a sphere are at a constant 
distance from a fixed point within it, namely the centre. 
This constant distance is the radius of .the sphere. Thus 
I all straight lines through the centre terminated both ways by , 
the surface are equal : such lines are dmiders. 


Ex. It. We have seen that <Jn the curved surfaces of a cylinder 
and cone it is possible (in certain ways only) to rule straight liuea ’ 
Is there any direction in which we can rule a straight line on the 
surface of a sphere? 

C 

Ex. 12. Again we have cut out a plane figure tliat could be’ 
wrapped round the curved surface of a cylinder without folding, 
creasing, or stretching, The same^ has been done for the curved 
surface of a cone. Can a flat piece* of paper be wrapped about a’ 
sphere so as to fit all over the surface without creasing ? 

Ex. 13. Suppose you were to cut a sphere straight through the 
centre into two parts, in such a way that the new surfaces (made by 
cutting) are plane, these parts would be in every way alike. The ■ 
parts into which a sphere is divided by a dane central section are 
called hemispheres. Of what shape is the line in which the plane 
surface meets the curved surface? If the section were plane but 
not central , you tell what the meeting line of the two surfaces 
would be ? 

* 

Ex. 14. If a cylinder were cut by a plane parallel to the base, ' 
of what shape would fhe new rim be ? 

O' 

Ex. IB. If a cone were cut by a plane parallel to the base, 
what would be the form of the section ? 



ANl^ERS TO NUMERICAL EXERCISES. 

Since the u^moei care cannoi eneurt abaotute accuracy in graphical wort, retiulte eo 
obtained are iikely to he only approximcUe, The anewere here given are those found by 
ealculationf eind being true eo far ae they go^ furnish a standard by tohich ihMstudent 
may test the Correctness of his dratoing and measuremenU Results Moithin one per cent, 
of those given in. the Answers may usually be considered saii^actory. 

Exercises. Page 15. 

1. 30® ; 126® ; 261® j 86®. 11 min. ; 37 min. 

2. n2i® ; 165® ; 6 hrs. 45 min. 3. 60® ; 8 hr«. 40 min. 

4. (i) 145®, 35®, 145®. (ii) 65®, 65®. 86®, 94®. 

Exercises. Page 27. 

1. 68®, 37®, 75® V. nearly. 2. 6*0 cm. 4. 2*2", 60®, 7.3° nearly. 

6. 37 ft. 6. 101 metres. 7. 27 ft 8. 424 yds., nearly ; N.W. 

9. 281 yds.* 165 yds., 153 yds. 10. 214 yds. 

Exercises. Page 41. 

1. 126®, 56®, 125®. 12. 15 secs. , 30 secs. 


Exercises. Page 43. 


8. 

21®. 4. 

27®, 

5. 

92®, 46®. 


6. 67°, 62°. 




Exercises. 

Page 45. 



L 

30®, 60®, 90®. 


2 . 

(i) 36®, 72®, 

72®: 

! (ii) 20°, 80°, 80°. 

i. 

40®. 

4. 

51®, 111®, 

18®. 

6 . 

(i) 34° ; (ii) 107°. 

6. 

68®. 

7. 

120®. 


8 . 

36°, J2°, 108°, 144°. 

9. 

165®. 

11. 

5, 16. 




Exercises. Page 47. 

2 : (i)46®; (ii)36®, 8.^(i)12; (ii) 15. 


° Exercises. Page 54. 

4. (i) 81® ; c. (ii) 55®. 


10 . 


11 . 


Degrees 

15® 

30° 

45® 

60° 

75® 


Cm. 

4*Y 

4'6 

6*7 

8-0 

15‘6 

Degrees 

0® 

30® 

60® 

90® 

120® 

fito° 

180° 

Om. 

40 

20 

3*6 

6-0 

61 

6*8 

70 


12 . 87 .(^ 
H.s.ft. r.-ifv. 


18w 112it. 


14. SldydA. 693yd& 



fi GEOMETRY. 

Exercises. Page 91 . 

14. 54\72“,84^ 16. 36°. 16. 4. 

18. (i) 16 ; (ii) 45° ; {iii) 11J° per sec. 

Exercises. Page 68. 

2. 6 80 cm. 8. 224". 4. 0-39. 6. 2-64. 8. 10-6 cm. 

9. 3'.16". 10. 20 miles; 12-6 km. 

11. 147 miles ; 235 km. 1 cm. represents 22 km. 

18. 1" represents 15 mi. ; 1" represents 20 mi. 

Exercises. Page 79. 

8. 0-53 in. 4. 1-3 cm. 8. 2-4". 

Exercises. Page 84. 

1. 4-3 cm., 5-2 cm., 61 cm. 2. 1 10. 8. 200 yards. 

4. 65°, 77 m., 61 m., 56 m. 6. 6 04 knots. S, 15° E, nearly. 

’8.. faults equal 9 cm. 7. 4-3 cm. ; 9-8 cm., 60° ; 120°. 

8. (i) One solution ; (ii) two ; (iii) one, right-angled ; (iv) impossible. 

9. 380 yds. 10. 6 5 cm. 11. 6 9 cm. 

12. Two solutions ; 10-4 cm. or 4-6 cm. 16. 2-8cm.,4-5cm.,6-3cm. 

18. 6-8 cm., 4-2 cm. 10. 7 om., 8 cm. 

Exercises. Page 89. 

1. 60°, 120°. 2. 3-54". “ 8. 2-l2". 4. 4‘4cni. 

6. 16-4 cm., 3-4%. 6. 90°. 7. (i)4-25"i (ii) fi=i)=90«. 

Exercises. Page 102. 

1. 6 sq. in. g. 6 sq. in. 8. 2‘80 sq. in. 4. 3-60 sq. in. i 

6. 3'30 sq. in. 6. 3'36 sq. in. 7. 198 sq. m. 8i 42 sq. ft, 

9 10,000 sq. m. 10. 110 sq.ft. 11. 60m. 12. 2-din. 

44 900 sq. yds. ; 48 yds. i 4-8". 16. 11700 sq.m. 

16. loro. = 10 yds. 17. 1-6". 18. OOOsq. ft ,19. 1162 sq.ft, 

80. lOOeqift 91. 166 sq.ft. 22. llQsq. ft. 

286 sq.ft. M. 72sq.ft. 96. ^ sq.ft- 



ANSWERS. 
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Exercises. Pa>ge 105. 

1. (i) 22 cm. ; (ii) 3'6". 2. 3-4 sq. in. 8. 674% sq. in. 

4. 1-6 ". 6. 1-93", 76“. 

Exercises. Page 107. 

1. (i) 180 sq. ft. ; (ii) 8‘4 sq. in. ; 1 hectare. 

2. (i) 13‘44 sq. cm. ; (ii) 16-40 sq. cm. ; (iii) 20-60 sq. cm. 

8. 16 sq. cm. 4. 6-3 sq. in. , 

6. (i)8"; (ii)13om. 6. 3-36sq. in. 


Exercises. Page 110. 

1. 11400 eq. yds. 2. 6312 sq. m. 

8. 2-4 cm. ; 6-1 cm. 4. 2 04"; 2-20^. 


Angle 

0'^ 

30’’ 

60“ 

90“ 

120° 

150“ 

180“ 

Area in sq. cm. 

0 

7*5 

1.3-0 

15 0 

130 

7-5 

0 


1. 66 sq. ft. 

4. 1.32 sq. cm. 


Exercises. Page 111. 

8. 84 sq. yds. 

5. 180 sq. ft. 


8. 126 sq. m. 

6. .306 sq. m. 


Exercises. Page 113. 

1. 6 sq. in. 8. 170 sq. ft. 8. 616 sq. m. 4. 8-4 sq. in. 

6. 31-2 sq.cm. 6. 6-20 sq. in. 7. 24 sq.cm. 

ExerciMS. Page 115. 

1. (i) 25*5 sq. cm. ; <ii) 16-6 sq. cm. 

2. (i) 8'95 sq. in. ; (ii) 9*6 sq. in. 8. 12500 sq, m. 


Ezerdses. Page 116. 

» 

4. 3-3sq. in. 6. 7-6 cm. 6. S-Osq. in. 

Exercises. Page 121. 

1. (i) 6 cm.: •(«) 0-6 cm. ; (iii) 3-7". 2. (i) 1 -6" } (ii) 2-8 <m . 

8. ^ fli. 4 66 miles. #. 6-1 km. ft* 16 ft. 

7. ^in. 8. 26 miles. 9 . 78 m. 10. 62% 




IV 


GEOMETTRY. 


Exercises. Page 123. 

10. (i)'dnd (iii). 11. 2*83". 12. 4*24 cm. ; 18 sq. cm. 

18. 70*71 sq. m. 14. ;)=6*93cm. 

16. (i) 20 cm. ; 16 cm. (ii) 40 cm. ; 39 cm. 

17. 35 cm. ; 12 cm. ; 306 sq. cm. 

11. (i) 36 sq. in. ; (ii) 90 sq. ft. 126 sq. cm. ; (iv) 240 sq. yds. 

19. 5‘1 cm. uearly. 

Exercises. Page 127. 

1. 7‘1 cm. 4. 4'Ocm. 6. I’d". 6. 3'] cm. ; 16’6sq. cm. 

Exercises. Page 190. 

1. 23’90 sq. cm. 8. 8’40 sq. in. 

3. .27'52 sq. cm. 4. 129800 sq. m. 

Exercises. Page 194. 

8. (i)(8,5)j (ii)(10, 10). 

4. (i) (4, 5) ! (ii) (4, 5) ; (iii) ( - 4, - 5) ; (iv) ( - 4, - 5). 

8. (6, 5), (12, 10). 6. (5, 8). 

7. (i) 17 ; (ii) 17; (iii) 2-5"; 2-5". 

8. (i) and (ii) 5 ; (iii) and (iv) 17 ; (v) and (vi) 37. 9. 10. 

14. (0,0). (7„6). 16. 13; (9,6). 

18. A straight line passing through the points (4, 0), (0, - 4). 

17. 117 units of area in each case. 18^ A square. 2sq. in. 1 sq. in. 

19. Kach= 70 units of area. 20. 9 units of area. .31°, 71°, ,78°. 

*1. (i) 96 : (ii) 80 ; (iii) 120 ; (iv) 104., 

82. 0) 50 ; (ii) 60 f (iii) 120 ; (iv) 132. 

M. Sides 6, 13 } area 63. 24. (i) 27 ; (ii) 21 ; (iii) 30 ; (iv) 27 'S. 

26. (i) 60 i (ii) 65-5 ; (iu) 21 j (iv) 83-6. 

88. Each side 13 ; area 120. * 27. 13, 10, 16, 8-24, 42, 30. 

88. AB=10, BC=9, CD=17, DA=12-7. Area=130-5. 

89. 10, 13, 6, 6, 3. ■Area=60. 80. 160,000 sq. yds. 1000 yds. 320yds. 
81. 8ide=15‘23; area=232 units of area. 

Exercises. Page 146. 

« 8. 24*. 8. 0 6", 0-8". 

8. O-esq. in. 7. 0-8*. 


1. 6 cm. 
6 . 1ft. 


4. \/?=2'6 cm. 



ANSWERS. 
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Exercises. Page 149. 

1. IT. 8 ;K^=4-2cm. 8. ' 2-^3 =3 '6 cm. 

4. 17". 6. 5 cm. 


^ Exercises. Page 151. 

«. 4 cm. 7. 13". 

Exercises. Page 153. 

S. 1-86". 3. 1-62". 6. 0-86"; (2-1'', 2-1''); 2-97". 


Exercises. Page 155. 

6. 61". 6. 1-6"; 1-5", 0-6". 

Exercises. Page 157. 

4. (8,11). 6. 17; 10; (0, -8). 

Exercises. Page 161. 

1. 74% 148% 16°. 3. 115°, 230°. 3. 55°, 8°, 47°. • 


Exercises. Page 177. 

1. 8-0 cm. 2. 0-6". 8. 8 7 cm. 4. 12", 67°. 6. 2-6". 




Exercises. 

Page 179. 

3. 

3 cm. and 17 cm. 





Exercises. 

Page 181. 

1. 

72% 108%* 108% 

Exercises. 

P^e 187. 

9. 

1-6". 

8. IT. 

4. 198% 1-6% 



Exercises. 

Page 198. 

2 . 

2’3 cm;, 4'6 cm., 

6*9 cm. 

3. 1-39". 


6*9 cm.; 20*78 sq- 

, cm. 

7. 3’2 cm. 


Exercises. Page 199 
i. 4 50 sq. ini L 8'5 cm. 


5 . 



iri 


OEOMETKY. 


Exercises. Pa«re aOft 

4. 128|’; i fr.. 

Exercises. Page 201. 

1. 8-4e’; 400'. .2. 269-8 sq. cm. 

4. (i) 41*67 sq. cm.; (ii) 77*26 sq. cm. 


Exercises. Page 205. 


1. 

(i) 28 '3 cm.; 

(ii) 628*3 cm. 2. (i) 16*6*2 sq. in.; (ii)362*99 sq. in. 

8. 

11 '31 cm.; ] 

10*18 sq. cm. 4. 66 sq. cm. 

5. 43*98 sq. in. 

7. 

30 ‘5 sq. cm. 

8. 8*9". 9. 4"; 3". 

10. 12*57 sq. in. 

11. 

Circumferences, 4*4", 6 '3". Areas, 1*54 sq. in., 

3 *14 sq.' in. 



Exercises. Fa 4 ;e 225. 


8. 

6 '4 sq. cm. 

4. 3*7". 6. 10 cm. 

6. n 



Exercises. Pa^ce 228. 


1. 

638 sq. cm. 

16 cm. 




Exncises. Page 231. 


2, 

8 '5 cm. 90®. 3. A circle of rad. 6 cm. 

4. 

5'2(r. 

6. 0*26". 




Exercises. P((|;e 285. 


1. 

(i) 16 sq. cm. (ii) 16 sq. cm. Sf. (i) 16 sq. 

cm. (ii) 16 sq. cm. 

8. 

4. 

(i) 1*2". (ii) 12*5 cm. 6. (i) 1*6", 4*1".„ (ii) 3*6 cm. 

8. 

Two concentric circles, radii 2 cm. and 6 cm. 




Exercises. Page 237. 


1 


2. 48 ft.; 8 ft. 

8. 2 cm,; 32 cm 

1 

3-6^, 

6. 8100 miles ; 10 miles. 




Exercises.' Page 239. 


u 

; 4 cm. 

2. 2*12". 8. 1*94". 

<i 1*^. ‘ 


d^O om. ^ 

0. 66,2*4. 1 36*2,4*6... 

i. , 3*6 emLi 

% 


IP. 9*6, 2*81. 




ANSWERS. 
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Exercises. Page 20 . 

'1. 2-47". 8. -3-24". 

t 

Exercises. Page 245. 

1. 8,2. 2. 7.7. 8.* 9-3, 2-7. 

4. 9,-4. 8. n -,32, -4-32. 6. 7-24, 2 

Exercises. .Page 246. 

1. 6. 2. 36, 45. 3. 16, 12. 

4. (10, 12i) ; 124. 6. (17, 18); 12s^=16 97. 

7, 16. , 8. 10. 9. Four. (26, 15). 10. 12-84. 


! mayii^r mug bt tumoit 



